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Abstract 

These lectures on anomahes are relatively self-contained and intended for graduate stu- 
dents in theoretical high-energy physics who are familiar with the basics of quantum field 
theory. More elaborate concepts are introduced when needed. 

We begin with several derivations of the abelian anomaly: anomalous transformation of 
the measure, explicit computation of the triangle Feynman diagram, relation to the index 
of the Euchdean Dirac operator. The chiral (non-abehan) gauge anomaly is derived by 
evaluating the anomalous triangle diagram with three non-abclian gauge fields coupled to a 
chiral fermion. We discuss in detail the relation between anomaly, current non-conservation 
and non-invariance of the effective action, with special emphasis on the derivation of the 
anomalous Slavnov-Taylor/Ward identities. We show why anomalies always are finite and 
local. A general characterization is given of gauge groups and fermion representations 
which may lead to anomalies in four dimensions, and the issue of anomaly cancellation is 
discussed, in particular the classical example of the standard model. 

Then, in a second part, we move to more formal developments and arbitrary even di- 
mensions. After introducing a few basic notions of differential geometry, in particular the 
gauge bundle and characteristic classes, we derive the descent equations. We prove the 
Wess-Zumino consistency condition and show that relevant anomalies correspond to BRST 
cohomologies at ghost number one. We discuss why and how anomalies are related via 
the descent equations to characteristic classes in two more dimensions. The computation 
of the anomalies in terms of the index of an appropriate Dirac operator in these higher 
dimensions is outlined. Finally we derive the gauge and gravitational anomalies in arbi- 
trary even dimensions from the appropriate index and explain the anomaly cancellations 
in ten-dimensional IIB supergravity and in the field theory limits of type I and heterotic 
superstrings. 



*Based on lectures given at the joint Amsterdam-Brussels-Paris graduate school in theoretical high-energy physics 
Unite mixte du CNRS et de I'Ecole Normale Superieure associee a I'UPMC Univ Paris 06 (Pierre et Marie Curie) 
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1 Introduction 



Symmetries play an important role in physics in general and in quantum field theory in particular. 
A symmetry of the classical action is a transformation of the fields that leaves the action invariant. 
Standard examples are Lorentz, or more generally Poincare transformations, and gauge transforma- 
tions in gauge theories. One must then ask whether these symmetries are still valid in the quantum 
theory. 

In the functional integral formulation of quantum field theory, symmetries of the classical action 
are easily seen to translate into the Ward identities for the correlation functions or the Slavnov- Taylor 
identities for the quantum effective action. An important assumption in the proof is that the functional 
integral measure also is invariant under the symmetry. If this is not true, these Slavnov- Taylor or 
Ward identities are violated by a so-called anomaly. 

Alternatively, if one is computing (diverging) Feynman diagrams, one has to introduce some reg- 
ularization and it may happen that no regularization preserves all of the symmetries. Then there is 
no guarantee that the renormalized Green's functions still display the analogue of the classical sym- 
metry, i.e. satisfy the Ward identities. If they don't, there is an anomaly. Equivalently, one often 
checks whether a classically conserved current is still conserved at the quantum level. A non-conserved 
current signals a non-invariance of the quantum effective action, i.e. an anomaly. 

If a global symmetry is anomalous it only implies that classical selection rules are not obeyed in 
the quantum theory and classically forbidden processes may actually occur. 

On the other hand, in a (non-abelian) gauge theory, the gauge symmetry is crucial in demonstrating 
unitarity and renormalizability, and an anomaly in the gauge symmetry would be a disaster. Hence, 
in a consistent gauge theory, if present, such anomalies must cancel when adding the contributions 
due to the various chiral fermions. 

* * * 

These lectures are divided into two parts. The first part (sections 2 to 7) is very detailed and 
mainly concerned with four-dimensional gauge theories, while the second part (starting with section 
8) deals with more formal developments in arbitrary (even) dimensions. 

We begin (section 2) by quickly reviewing a few facts about non-abelian gauge symmetries, mainly 
to fix our notation. In section 3, we discuss the possible non-invariance of the functional integral 
measure for fermions under (global) chiral transformations and how this is related to the abelian 
anomaly. We explicitly obtain the anomaly from an appropriate regularization of the functional 
Jacobian determinant under these transformations. Then we derive in detail how this anomaly is 
linked to the non-conservation of the axial current and to the non-invariance of the effective action. 
We show the relation with instantons and the index of the (Euclidean) Dirac operator. 

In section 4, we consider anomalies in general, with emphasis on anomalies under non-abelian 
gauge transformations. We derive the (anomalous) Slavnov- Taylor identities for gauge theories and, 
again, relate the anomalous parts to the non-invariance of the fermion measures. Furthermore, the 
non-invariance of an appropriate effective action and the covariant divergence of the gauge current 
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are shown to be directly given by the anomaly. We spell out in detail the anomalous Ward identities 
for the correlation functions and how to extract the anomaly from a calculation of one-loop diagrams 
(including all the signs and i's). 

In section 5, we explicitly evaluate the relevant triangle diagrams in some detail. The Feynman 
diagram computation for the abelian anomaly exactly reproduces the result already obtained in sec- 
tion 3. We then explain why an anomaly under (non-abelian) gauge transformations is expected if 
the theory contains chiral fermions, and similarly compute the corresponding triangle diagram. To 
evaluate these Feynman diagrams we use Pauli-Villars regularization which very clearly shows where 
the anomaly arises in the computation. We exhibit the anomalous and non-anomalous parts of these 
triangle diagrams and show that they are indeed in agreement with the general structure predicted 
by the anomalous Ward, resp. Slavnov- Taylor identities derived in section 4. 

In section 6, we show in general why anomalies are necessarily local and finite, and discuss the 
notion of relevant anomalies. Locality means that the variation of the effective action is a local 
functional of the gauge fields. Finiteness means in particular that the anomalous parts of the one-loop 
triangle diagrams have a regulator independent limit without the need to add any (non-invariant) 
counterterms. 

In section 7, we study which gauge groups and which fermion representations lead to anomalies and 
how to correctly add up the contributions of the different fermions and anti-fermions. We consider the 
example of the standard model and show that all anomalies cancel within each generation of fermions. 
This concludes the first part. 

The second part of these lectures discusses more formal developments related to gauge and grav- 
itational anomalies in arbitrary even dimensions. In section 8, we introduce various notions from 
differential geometry with emphasis on characteristic classes and Chern-Simons forms, necessary to 
derive the descent equations. 

In section 9, we derive the Wess-Zumino consistency conditions which we reformulate in a BRST 
language showing that relevant anomalies can be identified with BRST cohomology classes at ghost 
number one. Then we show how the consistency conditions can be solved in terms of the descent 
equations, thus characterizing the anomalies by invariant polynomials in two more dimensions, leaving 
only the overall coefficient undetermined. 

In section 10, we outline how the anomalies in d dimensions are related to the index of appropriate 
(Euclidean) Dirac operators in + 2 dimensions, which in turn is related to the invariant polynomi- 
als. This relation naturally involves the descent equations and fixes the so-far undetermined overall 
coefficient. We carefully discuss the continuation between Euclidean and Minkowski signature (which 
is quite subtle for the topological terms), and indeed find perfect agreement with the result of the 
explicit triangle computation of section 5 for d = 4. 

In section 11, we show how to understand gravitational anomalies as anomalies under local Lorcntz 
transformations, allowing us to treat them in (almost) complete analogy with anomalies under gauge- 
transformations. We discuss how all the gauge, gravitational and mixed gauge-gravitational anomalies 
are related to appropriate indices for which we give explicit formulae. 

Finally, in section 12, we specialize to ten dimensional gauge, gravitational and mixed gauge- 
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gravitational anomalies. We discuss their cancellation in ten-dimensional IIB supergravity and in 
the (field theory limits of) type I and heterotic superstrings. This includes a discussion of anomaly 
cancellation by Green-Schwarz-type mechanisms and by anomaly infiow. 

* * * 

These notes are based on lectures on anomalies that were part of an advanced quantum field 
theory course for graduate students in theoretical high-energy physics who were already familiar with 
the basics of quantum field theory. Staying close to the spirit of lectures, we have made no effort 
to provide any historical introduction or to give appropriate references. On the other hand, we have 
made a reasonable effort to make these lectures as self-contained as possible in the sense that we have 
tried to prove - or at least motivate - most of the claims and statements that are made, rather than 
refer to the literature. 

Of course, the literature on anomalies is abundant: many textbooks on quantum field theory 
contain at least a chapter on anomalies. Our presentation of anomalies in four dimensions in the first 
part of these lectures has been much inspired by the treatment in the textbook [1] whose conventions 
and notations we mostly adopted. Useful references for the second part of these lectures are e.g. 
[2, 3, 4]. Finally, there exist quite a few other lectures, textbooks or reprint volumes on anomalies 
emphasizing different aspects. A very partial hst is [5]-[ll]. 
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Part I : 

Anomalies in non-abelian gauge theories 



2 Notations and conventions for gauge theories 

We begin by introducing some notation and summarizing our conventions for (non-abelian) gauge 
theories. 

2.1 Lie algebra and representations 

We take the generators ta of the Lie algebra to be hermitian, t]^ — t^, and let 

[ta,tp]=tClf,t,, (2.1) 

with real structure constants which satisfy the Jacobi identity C^[ai3^^j]5 ~ ^- ^® ^ 

specific representation TZ we write or {t^)'^i for the dim??, x dim??, matrices of the representation. 
For compact Lie algebras (i.e. if trtatp is positive-definite), all finite dimensional representations are 
hermitian. This is the case of most interest in gauge theories and, hence, {t^)^ — t^, but we will not 
need to assume this in general.^ 

The matrices of the adjoint representation are given by 

(tfr, = ^Ci^ ■ (2.2) 

They satisfy the algebra (2.1) thanks to the Jacobi identity. One often says that the adjoint rep- 
resentation acts by commutation. This means the following: if some field transforms in the adjoint 
representation one has e.g. S(f)^ — i(fp with 

^'^{e-tfy)\^^ ^ 0^t^ = rt^,/tj] , (2.3) 

for any (non-trivial) representation R. For such fields in the adjoint representation it is convenient to 
define 

<t>^ = rti , (2.4) 

which now is an element of the (possibly complexified) Lie algebra. Then the previous relation just 
reads 

0^ = [6^0^]. (2.5) 

^Of course, when discussing local Lorentz transformations in sect. 11, the relevant algebra 5*0(3, 1) is not compact 
and its generators are not all hermitian. Alternatively though, one can work in the Euclidean where the relevant algebra 
is S'0(4) ~ SU{2) X SU{2) which is compact. 
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2.2 Gauge transformations, covariant derivative and field strength 

A field in an arbitrary representation TZ transforms under gauge transformations (with real parameters 

e°'{x) ) as 

6ilj^{x) =ie"{x){t^)\ilj''{x) ^ 5^j = ie:^^j. (2.6) 

For the conjugate field we have = —iip'^e^ if the representation is hermitian. In general, we will 
simply write = —iip'^e^ with R = R for hermitian representations. 

The covariant derivative of such a field ip transforming in a representation TZ is 

(L>^Vy = 9^V'-i^^(a^V'' = 9^V''-^«)^V'' ^ L'^V = - ■ (2.7) 

If the field ip is in the adjoint representation, i.e it has components wc must use and according 
to (2.3) we can then write Df^tp^' = d^if)'^' — i[AJ^\il)'^'] with il)'^' = ijj^t^', for any TZ'. In particular, 
for the gauge transformation parameters e one has (e^ = e"t^) 

D,e^^d,e^-i[A^,e^]. (2.8) 

The covariant derivative (2.7) of ip transforms just as ip itself, provided the gauge field Afj, transforms 
at the same time as 

= d.e'^ + C^A^^e-^ = d,e'^ - iA^,{tfr,e^ . (2.9) 
Using (2.3) this can be rewritten consisely as 

5X^^8,6^ -z[A^,e^]^D,e^ ^ 5Al^{D,er. (2.10) 

It is then clear that if £matter[^, ^, •9/^^/', 9^^] is invariant under 5il) — ie^ip and S'lp — —i'lpe^ for 
constant e then jCmaxteA'4' , '4'^ ^ni^^ Df^'ip] is invariant under the same transformations with local e{x) if 
also An{x) transforms as in (2.9), resp (2.10). 

The gauge field strength is defined as the commutator of two covariant derivatives: 

[D^, D,]^|; = -iF^^tl^P = -iF^^P . (2.11) 

This is guaranteed to transform like and hence 

= ^ 5F^. = C%FP^^e^ , (2.12) 

which is just as the transformation of A^ but without the inhomogeneous term ~ : F^i, transforms 
in the adjoint representation. Computing [D^, D^] yields 

Ff, = d^A^-d.A'i-i[A'i,A'^] ^ F;, = d,A:-d.Al + C^^.^AlAZ . (2.13) 

Prom its definition it is easy to show that the field strength satisfies the Bianchi identity 

^[M^.p] = , (2.14) 

where the brackets indicate anti-symmetrisation of the indices (always normalized such that for an 
antisymmetric tensor /[ai...ap] = fai...ap)- Here and in the following we often suppress the labels "7?." 
or a unless there explicit writing is likely to avoid confusion. 



5 



2.3 Action and field equations 

For any Lie algebra that is a direct sum of commuting compact simple and U{1) subalgebras, G = 
Q)iGi, there exists a real symmetric positive g^p such that QasC^^^ + gpsC^^^ = and, equivalently, 
there exists a basis of generators for which the C"^^ are totally antisymmetric in all three indices (one 
then often writes Cap-y)- In this latter basis the matrix g commutes with the generators in the adjoint 
representation and, by Schur's lemma, the matrix g must then be block-diagonal and in each block 
corresponding to each Gi be proportional to the identity. We will call these constants of proportionality 
^. It follows that gapF^j^F^f^'^ is gauge invariant and equals ^ Yla^i' F^^F""^!^^. By rescaling 
A'^ and F° for each Gi by gi one can absorb the factors \. However, the "couphng" constants gi 
would appear explicitly in the expressions of the covariant derivatives, gauge field strengths etc, always 
accompanying the structure constants or commutators. This can be avoided if one in turn redefines 
the Lie algebra generators and the structure constants to include the g^. Then all previous formulae 
remain valid, except that we have to remember that the ta and C"^^ implicitly contain the coupling 
constants, one gi for each simple or U{1) factor Gi. In particular, for any simple factor Gi one then 
has 

Watp^glC^S^^P : (2-15) 
where e.g. for Gi — SU{N) we have Cadj = N and Gn = Gj^ = ^. The unique Lorentz and gauge 
invariant Lagrangian quadratic in the field strengths then is JCga,uge[Fixu\ — —\F^i,F°'>^'^ . Of course, 
there is one more possibility, Oape'^^^'^F^^F^^ but this is a total derivative. Hence the Lagrangian for 
matter and gauge fields is 

C = + >C„,atter[VS, V', D,,p, D ^i^] . (2.16) 

In the present discussion of anomalies we actually do not need the precise form of the gauge field 
Lagrangian, only the matter part will be important. Hence we do not have to discuss the issue of 
gauge fixing or what the precise form of the gauge field propagator is. One could even add higher-order 
terms hke F^^^F^ FJ^F^ "'^ tr ti^atpt^ts) as appear e.g. in the string theory effective action, without 
affecting the discussion of the anomalies. 

Finally, recall that the (classical) matter current is defined as 

■^matter— qj^^ ' \'^-^') 

and that the Euler-Lagrange equations for the gauge fields as following from the Lagrangian (2.16) 
yield 

"did^A'^) dA^ ' d{df,A^) ' dA^ " ^ -^matter, 

^ {D,F^T^-JZ,,.,. (2.18) 
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It then follows that the matter current is covariantly conserved if the field equations are satisfied^: 

^.^matter = . (2.19) 

This expresses the gauge invariance because it translates the fact that the gauge field enters the 
gauge kinetic part of the Lagrangian only through the gauge covariant combination F^,^. One of the 
equivalent manifestations of the anomaly is that at the quantum level D^{J^^^^^^) ^ 0. 

2.4 Further conventions 

Our Minkowski space signature is ( — The Dirac matrices then satisfy (^7°)^ = (T'')^ — j — 
1, 2, 3 as well as {i^^Y — ^7°, (7-')^ = 7^ and, of course, 70 = —7°. We define ■0 = t/jH^^ and 

75 = ^7o7i7273 = -«7°7SV ^ 75 = 1 > 75 = 75, {75,7''} = 0. (2.20) 

As usual, we denote ^ = j^d^ , 4 = l^^n ^ — l^D^ , etc. The completely antisymmetric 
e-tensor in Minkowski space is defined as 

e0i23 ^ ^-^ ^ ^^^^^ ^ _^ ^ (2.21) 

so that we have for the Dirac trace 

tri3 757''7"7''7^ = 4i e^"""" . (2.22) 

Finally recall that when evaluating four-dimensional momentum integrals in Minkowski space the 
Wick rotation results in a factor of i according to 

j d'p f{p,Pn = ^ j d'pE fipl) , (2-23) 

where po — The continuation to Euclidean signature will be discussed in greater detail in 

subsection 10.1. 

3 Transformation of the fermion measure and the example 
of the abehan anomaly 

We begin by studying the probably simplest example of anomaly: the so-called abelian anomaly. 
This is an anomaly of chiral transformations (i.e. involving 75) of massless Dirac fermions. A nice 
way to understand the origin of this anomaly is as a non-invariance of the fermion measure in the 
functional integral under such transformations. On the other hand, a symmetry corresponds to a 
conserved current, and a violation of a symmetry to a current non-conservation. In turn, such a non- 
conservation translates a non-invariance of some appropriately defined quantum effective action. In 
this section, we will study these issues and how they are related. Before doing so, let us only mention 
that, historically, the abelian anomaly was one of the first places an anomaly showed up, and that it 
played an important role in explaining the observed decay rate of a neutral pion into two photons. 



2Wc have (D,J-,tt,J« = -{D^D^Fn" = D.]Fn" = -iF^Mfr^F^ = hC^F^.F^'^" = by 

antisymmetry of the C"^^. 
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3.1 Why the matter measure matters 

Consider a massless complex spin ^ fermion in some representation TZ of the gauge group. We suppose 
it has a standard interaction with the gauge field, i.e. it couples to the gauge field via the covariant 
derivative without any occurrence of the chirality matrix 75. The matter Lagrangian then is 

>C„.atter[V', V^, ^/.V', ^mV^] = "V^^ V' = -^^(^ " i4^)i^ ■ (3-1) 

When using the functional integral to compute vaccum expectation values of time-ordered products 
of operators Oi that involve the matter fields, like e.g. products of (matter) currents, one may proceed 
in two steps: first compute the functional integral over the matter fields alone: 



/ 



Vi^Vi^ Oi{xi) . . . On{xn) e^/^--"-!^'^'^'''^'^'''^! , (3.2) 



and then do the remaining functional integral over the gauge fields. It is only in the second step 
that one has to deal with all the complications of gauge-fixing and ghosts, while the appearance of 
any anomalies is entirely related to the evaluation of (3.2). An arbitrary ^'-matrix element, resp. 
Feynman diagram can be reconstructed from (matter) current correlators and gauge field (as well 
as ghost) propagators. Hence it is enough to evaluate (3.2) for the case where the operators Oi are 
the quantum operators corresponding to the currents Jinattcr = ^^m""" • Such vacuum expectation 
values of time-ordered products of currents can then be obtained by taking functional derivatives^ 
with respect to the of the "effective" action W[A\ defined as 



(3.3) 



We will discuss this in more detail below. 

Let us now study the effect of a local transformation 

^(x) ^ il:'{x) = U{x)il:{x) , i){x) i)\x) = ilj{x)U{x) , U{x) = i^^U\x)i^^ , (3.4) 

where U {x) is a unitary matrix acting on the indices of the representation of the gauge group and 
on the indices of the Clifford algebra. Of course, the matter action is not invariant under such a 
transformation, unless U is constant or the gauge field transforms appropriately. Also, the -0 
and '0 could carry additional representations of a global symmetry group (usually called a flavor 
symmetry) and then, if U is an element of such a global symmetry group, it must be constant to leave 
the action invariant. At present, however, we are only interested in the transformation of the fermion 
measures Vip and Dip. Since these are measures for anticommuting flelds they transform with the 
inverse Jacobian: 

Vi) Vijj' = (DetU)-^ Vijj , PV' ^ T^-^' = (DetW)-^ Pi/S , (3.5) 



^If the matter currents J"^ do not only involve the matter fields but also the gauge fields, as would be the case for 

scalar matter, taking multiple functional derivatives would also give rise to contact terms, rather than just products of 
currents. Since we axe interested in fermionic matter with Lagrangians like (3.1) this complication does not occur here. 
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where the operators U and U are given by 

{x\U\y) ^U{x)5^^\x-y) , {x\ll\y) ^U{x)5^^\x - y) . (3.6) 
We will distinguish the two cases of non-chiral and chiral transformations. 

3.2 Unitary non-chiral transformation 

Let C/ be a unitary non-chiral transformation (not involving 75) of the form 

C/(x) = e^^"(^)*« , with ti = to, and [7^,t„] = 0. (3.7) 

The matrices e°'ta could be also replaced by any generator of the global flavor symmetry group or 
some combination of both. The important fact is that 

U{x) = ?7°e-'^"(^)*"z7° = e-^^'^(^)*"(i7°)2 = e-'^"(^)*« = U-\x) , (3.8) 

so that 

U^U-^ (DetW)-^ (DetW)-^ = 1 , (3.9) 

and the fermion measure is invariant. In particular, the fermion measure is invariant under gauge 
transformations. One can then derive the Slavnov-Taylor identities in the usual way without having 
to worry about an anomalous transformation of the measures. We conclude that for matter fields that 
couple non-chirally to the gauge fields there are no anomalies. 

The reason why we insisted on non-chiral couplings in the matter Lagrangian (3.1) is the following: 
of course, the functional determinants DetZY and DetZY should be computed using some appropriate 
regularization. Such a regularization corresponds to regulating the full fermion propagator in the 
presence of the gauge field. This must be done in a gauge invariant way if we are not to spoil gauge 
invariance from the beginning. As we will see below, this is problematic if the interactions include 
some chirality matrix or chirality projector. 

3.3 Unitary chiral transformation 

Now consider the case where C/ is a unitary c/iiraZ transformation, i.e. involving 75 (defined in (2.20)), 
of the form 

C/(x) = e^^"(^)*«^« , with 4 = ^a and [7'^,i„] = 0. (3.10) 

Note that since 75 = 75 the transformation (3.10) is indeed unitary, but since 75 anticommutes with 
7° we now have 

lJ{x) = i7°e-^'"(^)*"^^i7° = e+^'''(^)*"^^(i7°)2 = e+ie«(a.)t„75 ^ u^^-^ ^ (3J1) 

so that now 

U = U ^ (DetUy^ (DetU)-^ = {BetU)-\ (3.12) 
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which does not necessarily equal unity and which we need to compute. As usual for an ultra-local 
integral kernel, we have {x\W \y) = j <l'^z{x\U \z) {z\U \y) = j (l'^zU{x)5'''^\x — z)U {z)5'^'^'> [z — y) — 
U'^{x)5^'^\x — y), and similarly for all powers of U, so that f{U) \y) — f{U{x)) {x \y) and 

Tr logW = J d^x {x\ tr log(W) \x) = j d''xS^'^\x-x)tr l0g(C/(x))= J d'^xS^^\0)i€''{x)tTta-f5 , 

(3.13) 

where Tr is a functional and matrix trace, while tr is only a matrix trace (with respect to the 7 
matrices and the gauge and possibly flavor representation matrices). It follows that 

(Dct = = ^ifd^xe"M^) ^-^Yi &a{x) = -26^''\0) trt„75 , (3.14) 

where dua{x) is called the anomaly function or simply the anomaly. 

Clearly, the above expression for the anomaly is ill-defined and needs regularization. As it stands, 
it is the product of an infinite 5*^^^(0) and a vanishing tr75iQ,. The former actually is 



(5(4) (0) = {x \x) = / d^p {x \p) {p\ x) 



(3.15) 



x=y 



and thus is a UV divergence. A regularization is achieved by cutting off the large momentum contri- 
butions, e.g. by replacing J d^xe°'d.a{x) = — 2TrT where T — e'^{x)^5ta by 



/ 



d^xe"aa(x) = -2 lim TrTi , where Ta ^ e''(x)-f5ta fiiip/M^) , (3.16) 

A— >oo 



with some smooth function /(s) satisfying /(O) = 1, f{oo) = 0, as well as sf'{s) = at s = and 
at s = 00. One could take e.g. f{s) = or /(s) = We denoted ]p the (quantum mechanical) 
operator such that {x \ P \x) = Ip{x\x). We will discuss below why one should use the gauge-covariant 
Ip'^ in the cutoff rather than a simple d^d^. 

While for any fixed matrix element we have limA^oo (0^1 
trace 



1 0m) = {<Pn\T 1 0m), wc havc for the 



TtTa = / dS tr {x\e^{x)^^tj{{iIp/Kf) \x) = / d^x e"(x) / d^p{x\p) ix^^t^{p\ f {{ilp / Kf) \x 



d*p 



A2 



Y 



-ipx 



-ipx 



f 



1 

'J? 



r 



d 
dxi^ 



= y"dS e"(a;) / ^r 75ta / (^-^ Hj^ 



d'^x e"(a;)A' 



d% 
(2^ 



tr 75ta / - 



-i4 + 



A 



(3.17) 



One then expands / (— [— + ^/A]^) = f {q"^ + 2iq^D^/ K — ^^/A^) in a Taylor series around q^. A 
non-vanishing Dirac trace with the 75 requires at least four 7-matrices, while a non- vanishing limit as 
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A — > oo requires at most four Ip / K. This picks out the term ^^/A^)^ in the Taylor series, 

so that 



^lim TVTa = j d'x e^{x) J ^ ^^75^^ {-Jp')' • (3.18) 

,4 



Somewhat loosely speaking one could say that the regularized momentum integral is ~ A while the 
regularized trtQ:75 is ~ combining to give a finite result. The integral over q in (3.18) is easily 
evaluated after performing the Wick rotation: 



/ 



(27r)4 2'' ^ 2(27r)4 ^ ■' ^ 2(27r)4 2 Jo 



327r2 



oo 



(/'«)„- / (3.19) 



where we used the properties of / at and oo. On the other hand, the trace over Dirac indices and the 
gauge group representation involves = \{Y,Y}Dfj,D^ + \[Y,Y]DnDj, = D^'D^ - ,Y]F^i.v 
Using (2.21) and (2.22) we get 

tr75i„ {-Ip'^f = (^-^ tr,,75[7^7l[7",7l ^'^ntaF^.Fp, = -ie'^'^^'^rT^ i«F^,F,, . (3.20) 
Putting everything together we finally obtain 

hm TtTa = -^ [ dSe^e^^'^'^trT^taF^.Fp, , (3.21) 

A— »oo OZTT J 

and hence for the anomaly function 

aa{x) = -Yl^e'''''"'WaF^4x)Fp,{x) . (3.22) 

Note that this anomaly depends only on the combination F^j, = F'^J.a: where the t„ include an explicit 
factor of the gauge coupling constant (c.f. (2.15)), while the F'^^ are normalized with the canonical 
kinetic term as in (2.16). Thus, for a simple group with a single gauge coupling constant we see 
that the anomaly is"^ ~ 0{g^). 

3.4 A few remarks 

Let us first explain why the anomaly we have just computed corresponds to a one- loop effect. One can 
introduce a formal loop-counting parameter by rescaling the action as S* ^ ^S*. Then in computing 
Feynman diagrams, the propagators get an extra factor A while the vertices get an extra ^. Thus 
every Feynman diagram comes with a factor A^"^, where / is the number of internal lines and V the 
number of vertices. By a well-known relation, one has I — V = L — 1 with L being the number of 
loops, and one sees that A is a loop counting parameter. Since the classical action comes with a ^ it 
is the trcc-lcvel contribution (L = 0) to the effective action, while the anomaly, like any determinant. 



**This holds in perturbation theory where the leading term in F^^^ ~ d^j^A'^ — d^A*^ does not give any ^-dependence. 
However, for a non-perturbative configuration (like an instanton) one can well have ~ 
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has no factor of A and corresponds to a one-loop contribution (L = 1). Together with the above 
observation that the anomaly is of order g^, we can already infer that it corresponds to a 3-point 
one-loop diagram, i.e. a triangle diagram. This will indeed be confirmed below. 

It may seem surprising that the Jacobian for the transformation of the fermion measures, under 
the transformation U that does not involve the gauge fields, equals e'-/^*^*^^"^" with an anomaly 8ia{x) 
that does depend on the gauge fields. The reason for this is that we used a gauge invariant regu- 
lator f[—Ip'^/h?) to make sense of the otherwise ill-defined determinants. Had we used /(-f /A^) 
instead, no gauge field would have appeared and we would have found = which might seem 
more satisfactory at first sight. However, such a regulator actually breaks gauge invariancc. Indeed, 
the way we regulate the determinant is not just a matter of once computing DetW. The fermion 
measure plays a crucial role in computing e.g. the "effective action" W[A\ as defined in (3.3) with the 
result W[A\ ~ log Det ip. Now W[A\ should be gauge invariant (if possible) and thus Dct ip should be 
regularized in a gauge invariant way (if possible). Consistency requires that a// fermion determinants 
are regularized in the same way. Also, as just explained, computing determinants corresponds to 
computing one-loop Feynman diagrams, and the rcgularization of the determinants corresponds to a 
regularization of the fermion Feynman propagator which, again, should be done in a gauge invariant 
way. Once we have decided a regularization for the propagator, this will provide one and the same 
regularization for all fermion determinants. 

Still another way to see why we must use a gauge invariant regulator is the following. One 
could define the fermion measure Dip as dcn where the are the coefficients in an expansion 
V'(^) — Ylin^ni^n{x) On somc orthonormal basis {V'n}, and similarly for V-^). To compute DetZY we 
might then determine the infinite matrix Unm — (V'nl^ iV'm) and compute det(Wnm)- Then <\eiiJAnm) 
must be regularized by "cutting off' the "high-frequency" modes, i.e. the large eigenvalues of some 
appropriate operator D. We can take the ■^^ to be eigenfunctions of such D: Dip„ — Xni^m and 
then insert a cutoff function /(|A„|/A^) when computing TV logU — Ylin^^^^)nn- Now, we do not 
want the change of variables t/j ^ t/j' — Ui/j to break gauge invariance, and hence DetW should 
be gauge invariant (if possible) and we must use a gauge invariant regulator. Hence the A„ must 
be the eigenvalues of a gauge invariant operator D like e.g. Ip = ^ — iJ^. Obviously, the gauge 
invariant regulator introduces a gauge-field dependence into the regularization procedure and results 
in a gauge-field dependent Jacobian and gauge-field dependent anomaly.^ 



^One might still wonder what would happen if one tried to use the gauge invariant regulator / ( — D/j^D'^/A'^) instead 

of /( — Iplp/K^) to regularize Tve°'^^ta ? Then the regulator contains no 7-matrices and the result would vanish. 
Docs this mean that wc can find a regulator that preserves gauge invariancc and chiral invariancc? Certainly not. In 
the above computation we used a plane-wave basis to evaluate the trace over the fermionic Hilbert space. This is not 
fully correct since we are dealing with fermions in an external gauge field and the appropriate space on which one 
should take the trace is precisely spanned by the eigcn- functions of ilp, not those of D^D^. In the above computation 
we "corrected" for choosing a slightly inexact basis by using the regulator /( - Iplp/K^). 
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3.5 The abelian anomaly and current (non)-conservation 

Although we have done the computation of the anomaly function dua{x) for a rather general U{x) = 
g«<:"ta75^ a very important class of applications concerns the case where only the corresponding to 
an abelian subgroup are non-vanishing. Then one simply writes 

C/(x) =e^<")*^« , t^^t, [t,ta\^0, [t,75]=0. (3.23) 

In this case (3.22) reduces to 

a{x) = -:^e''•""'tr^^tF^,{x)F,,{x) , (3.24) 

and (Det W)~^ = ^ifd*xe{x)a.{x)_ 'pj^jg jg c^ned the abelian anomaly. Although it is associated to a chiral 
transformation, the name "chiral anomaly" will be reserved for a different anomaly to be studied 
later-on. Note that since [t,ta] ~ 0, the abelian anomaly (3.24) is gauge invariant. Furthermore, for 
constant e, the transformation ip ^ Uip, i/S — > ■0C/ is a symmetry of the matter Lagrangian (3.1) since 
^^U — U~^^^ and hence 

^TJlp - ^UJp = i)UU-^p ^^ijj]p^ . (3.25) 

As for any local transformation (with parameters e°-{x)) of the fields that is a symmetry of the 
Lagrangian if the parameters e" are taken to be constant, we can associate a conserved current (x) 
according to^ 

' d'x{d^J^{x))e%x) . (3.26) 



5S = J d^x {-Ji:{x))d^e^{x) = j 



Indeed, the variation of the action must be of this form, since we know that 55* = if d^e^ — 0. On 
the other hand, if the fields satisfy the field equations we must have 55* = for any variation of the 
fields and in particular for the one induced by a local e"(x), so that in this case 

Applying this to the above abelian chiral transformation U{x) and the matter action jS'matfV') '0; ^] = 
/ >Ci„atter['0, "0, -^^'0, = - / i)Ipil^ we find 

= +z^/;7^75t0 , (3.28) 

and classically, i.e. if the and satisfy their field equations, we know that this so-called axial 
current is conserved. 

Let us now investigate what happens in the quantum theory and how the current non-conservation 
is related to the anomaly. As in the usual proof of Slavnov- Taylor identities (cf. subsection 4.1 below 
for more details) one writes the functional integral, changes integration variables from -0 and -0 to 

®Note that for an abelian gauge transformation of the matter fields this is compatible with the definition (2.17), and 
in particuler yields the same sign for the current. 
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ip' — Uip and ip' — ipU and uses the transformation properties of the action and now also of the 
measure: 



I 



1 + i J d^x e{x) (&{x) + d^J^{x) ) + 0{e^) 



, (3.29) 



from which we conclude 



d^{J^{x))A = a(x) = -J^€^''f"'tI^^tF^,{x)F,,{x) , 



(3.30) 



where (. . .)a indicates the vacuum expectation value computed in a fixed background. Hence 
the axial current, though conserved classically, is not conserved in the quantum theory and its non- 
conservation equals minus the anomaly. 

3.6 The anomalous variation of the effective action and its relation with 
instantons 

We will now show that the abelian anomaly represents the (anomalous) variation of an effective 
action under chiral transformations. The effective action to contemplate here is not the W[A] defined 
above. Clearly, W[A] only depends on A. One might then ask whether it is invariant under gauge 
transformations of A, but at present we are concerned with chiral transformations of the fermions, 
not with gauge transformation. Instead one has to consider a different effective action, namely the 
quantum effective action for the fermions in a fixed gauge field configuration. This is defined as follows 
(see the next section for more details in a similar setting): introduce sources x^X fo^^ the fermions by 
adding J df^x {xip + ipx) to the matter action, define the generating functional W[x, X-, ^] for fixed A^ 
by doing the functional integral over ip and ip (much as we did when computing Vr[A]) and define 
the quantum effective action T[%1)q^%1)q\ A^ by Legendre transforming with respect to x ^"^^ X fo^^ 
fixed A^. In the absence of any anomaly (e.g. for the non-chiral transformations) and for constant e 
(so that 5'mat is invariant and we really have a symmetry) this V[iPq/iI)q; A^ obeys the Slavnov- Taylor 
identities corresponding to this symmetry, which for a linear symmetry simply are 5^ T[%Ijq, i/jq; A^] = 0. 
As already mentioned, the proof of the Slavnov-Taylor identities uses the invariance of the fermion 
measures. In the presence of an anomaly (e.g. for the chiral transformations), the fermion measures 
are not invariant but generate an extra term e*-^^^ and one instead gets, still for constant e : 



6^r['4jo,ijjo]Af,] = ej d'^xa{x) 



167r2 



/ d^xe^^mrntF^uFp, ■ 



(3.31) 



Here 5^ is defined to act on the i/jq and i/jq in the same way the chiral transformations 5g acted on the 
ijj and ijj before. 
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For t — 1 the right hand side of (3.31) is related to the instanton number of the gauge field. 
Indeed, as we will discuss in more detail in subsection 8.3, J d'^x e^'^f'^tr-ji F^^Fp^r does not change 
under smooth variations of the gauge field, since the integrand (locally) is a total derivative and the 
integral is only sensitive to globally non-trivial configurations. One finds for a simple gauge group^ 

J d^x e^"""'F;^F'^^ = , 1/ e Z ^ y d^x e'^^'^^trT^ F^,F,, = Ut,'' Cn v , (3.32) 

where we used (2.15). The integer v is called the instanton number. It then follows that 

r[^o, ^/^o; A^] = €j d^x &{x) = -4:Cniye, (3.33) 

with Ctz being e.g. | for the N or N representations of SU{N) (i.e. for quarks). More generally, C-ji 
is integer or half-integer. Incidentally, this shows that (for t — 1) J d*xa{x) is an even integer. 

3.7 Relation of the abelian anomaly with the index of the Dirac operator 

It is useful to compute the abelian anomaly again but now directly in Euclidean signature. The result 
will exhibit an interesting relation with the index of the Euclidean Dirac operator ilp^. 

In Euclidean signature, all 7'' are hermitian and iJpE is a hermitian operator so that all its eigen- 
values Afe are real. Furthermore, since t commutes with we can choose the eigenfunctions (fk of 
iJpE to be also eigenfunctions of t: 

i]pEVk^>^kVk , tipk^tk^Pk , {(pk\vi) = J d^XEV*k{x)(pi{x) ^ Ski . (3.34) 
With appropriate boundary conditions, the ifk form a complete basis and 

l = , IVA^ . (3.35) 

k k 

Now 75^E = —pEjb and [t, 75] = imply that j^ipk are still eigenfunctions of ]pE and t but with 
eigenvalues — Afc and tk'- 

iIpE{lbVk) = -Ibilp-E^k = -l5K<Pk = (-Ajfc)(75(^fe) , i(75<^fe) = Ibt^Pk = tk{lbVk) ■ (3.36) 

Hence, ip^ and 75<^fc have the same ^-eigenvalue but opposite i^E-eigenvalues. It follows that for 
Afe 7^ 0, (fk and 75V?fc are orthogonal. In particular then, (pk cannot be an eigenstate of 75, but we can 
construct (p)k,± = |(1 =t lb)Vk which are both non- vanishing and which are eigenstates of 75. Also, 
although no longer eigenfunctions of iIpE, they are both still eigenfunctions of {ilpEf'- 

Aifc 7^ : </7fe,± = ^(1 ± 75)</?fe , lb^k,± = ±^k,± , -Ip\^k,± = Afe(/7fe,± , t^pk,± = tk^k,± ■ (3.37) 



''Whether the configuration with 1/ = +1 should be called an instanton or an anti-instanton depends on the detailed 
conventions used in the Euclidean continuation. These (anti) instantons are non-perturbative configurations for which 
the "free part" df^A" — di,A'^ and the "interacting part" C"p^A^A1 in F^^, are of the same order in the coupling constant 
g. Since ~ <?, we see that ~ ^ and hence also F^^ ~ K 
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Hence, for 7^ 0, the eigenfunctions of —Ip\ and t come in pairs of opposite chirality. On the other 
hand, if = then ip^. and 75V?fc have the same i^E-eigenvalue (namely 0) and we can diagonahze 
75 in this i^E-eigenspace. After having done so, the A = eigenspace contains a certain number, say 
n+, eigenfunctions that have positive 75 eigenvalue (positive chirality) and a certain number, say 
n_, eigenfunctions </7^ that have negative 75 eigenvalue (negative chirality): 

Afc = : 75V2„ = , M = 1, . . . n+ , 7599„ = -ipy , w = 1, . . . n_ , iIpF.^u = ipE^v = . (3.38) 

Note that, for A^ = 0, the eigenfunction and (fy do not necessarily come in pairs of opposite 
chirality. It follows that when computing the regularized trace of 75^, the contributions of all (pk with 
Ajt cancel and only the zero-modes of ilpE can give a non-vanishing contribution: 

1V75t/(-|f) = E(^^l^5t/(-||)bfe) = X^/(§)t.(9:'.|75kfe) 

n+ n— Ti+ n— 

u=l v=l u=l v=l 

where we used /(O) = 1. Here the role of the regulator / is to ensure that in the infinite sum over the 
non-zero modes the states of opposite chirality correctly cancel. In the end, of course, we can take 
A — > 00 without changing the result. 

Let us now specialize to i = 1 so that Ylu=i ~ Ylv=i tv — — ri- is just the difference between 
the number of positive and negative chirality zero-modes of ilp-E- This is called the index of the Dirac 
operator, and we have shown that 

index(i£)E) = n+ - n_ = lim Tr75/ ^ . (3.40) 

y A^ y 

So we have seen that this trace over the full Hilbert space is only sensitive to the zero-modes and 
equals the index of ilp^. Provided the Euclidean 75 is defined such that positive Euclidean chirality 
also corresponds to positive Minkowski chirality, the right hand side of (3.40) equals limA_^oo TtTa 
(but without the e{x)) and comparing with (3.16) we see that 

j (i*xd.{x) = -2index(i^E) , (3.41) 

where the integral of the anomaly function on the left hand side is done in Minkowskian space-time, 
as before. 

On the other hand, our computation (3.17) allows us to express the right hand side of (3.40) in 
terms of the gauge field strength exactly as before. There are only two differences because at present 
we are in the Euclidean: the Tr now contains a d^pE rather than a d^p ~ id'^PE and the trace over four 
Euclidean 7-matrices and the Euclidean 75 now gives — 4eE rather than 4ie. The —i and i compensate 
each other and we simply get^ (cf. eq. (3.21)) 

index(.^E) = ^ / d'^E i^r^^ • (3-42) 

^In doing the Euclidean continuations involving e^j^po- and 75 one has to very carefully keep track of all signs. This 
will be discussed in some detail in section 10.1. 
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This relation is an example of the famous Atiyah-Singer index theorem. It again shows that the r.h.s. 
must be an integer and invariant under smooth deformations of A^. On the other hand (cf sect. 10.1), 
the Minkowskian continuation of the r.h.s. simply yields the same expression without the sub- or 
superscripts E, so that finally we have again 

index(z^E) = ^ / d'^^ e^^p^tiT^ F^'^F'"' = _ 1 ^ a(x) . (3.43) 

All this matches nicely with what we found above when we related the abelian anomaly for constant 
e to the instanton number and found that J d'^x a(a;) must be an even integer. 

We cannot resist from deriving the index theorem in arbitrary even dimensions d — 2r since this is 
a straightforward generalization of the previous computation which we now do directly in Euclidean 
signature. The index is still given by (3.40) with 75 replaced by the Euclidean chirality matrix in 
2r dimensions, 7e = i^lh-'-^E (cf- (10.12) below). To shghtly simphfy the computation we will 
exphcitly use f{s) — e~^. The obvious generalization of (3.17) then is 

index(z^E,2.) = lim IY7E/ ( = hm / dxl^ A'^ [ |%tr7Eexp ( -ql - + 



A^oo V AV ^^^J J (27r)2'- -I A A2 

tr7E^. (3.44) 



(27r)2'^ 

Using Jpl = D^D^ - |7^7E^;f. and tri,7E7^^ ■ ■ ■ 7^ = i'2-{-Ye'^'-''''- with = +1. we get 
trMJPlr = ( - ^)'^tr^7E7l^^ • • -7^ trnF^^^ . . . FI^_^^^^ = {-Ye^^-'^^^ imF^^^ . . . F^ 



M2r-lM2r ' 

(3.45) 



On the other hand, J e = J^yi ^^^t we obtain for the index of the Dirac operator in 2r 



Euclidean dimensions: 



mdex(z^E,2r) = rii^lr 


fdxi 


tE ^'^n ■ 


pE 


with [DlD^]^ 


-iF^ 


and 7e = i''7E ■ 


■■7r ■ 



(3.46) 



In four dimensions, i.e. for r = 2, we get back eq. (3.42). Also, in the appendix, we give an explicit 
example of an abelian gauge field in 2 dimensions (r = 1) with J d'^XEe^^Fj^^^ = —Airm, m G Z and 
explicitly show that with this gauge field the index equals m, again in agreement with (3.46). Finally, 
we note that the mathematical literature rather uses antihermitean field strengths F^,y — —iF^i, (cf 
eq. (8.25) below) so that the index theorem becomes^ 



index(i^E,2.) = / d4^ e^-'^- tr^^ F^^,, . . . F^,^_^,,^ . (3.47) 



®In most references the prefactor is i'' rather (—«)'" corresponding either to a chirahty matrix defined as {—iYlh ■ ■ ■ 7e' 
or to a field strength F^j^ (actually the Lie algebra generators) defined with the opposite sign convention. 
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4 Anomalies, current non-conservation and non-invariance 
of the effective action 



While the abehan anomaly is concerned with a local or global U(l) symmetry that commutes with 
the (non-abelian) gauge symmetry, in the following, we will be mostly concerned with anomalies of 
the (non-abelian) gauge symmetry itself. The essential question then is whether the effective action 
W[A] obtained after integrating out the matter fields, as defined in (3.3), is invariant under gauge 
transformations or not. In this section, we establish some general results that will be useful in later 
explicit computations of the anomalies. In particular, we will precisely relate the anomaly to the non- 
invariance of the effective action as well as to the non-conservation of the quantum current, 
and carefully work out the anomalous Ward identities with particular emphasis on getting the signs 
and i's correctly. 

4.1 Anomalous Slavnov- Taylor identities and non-invariance of the effec- 
tive action 

4.1.1 Anomalous Slavnov- Taylor identities : the general case 

Let us first derive the anomalous Slavnov- Taylor identities for some general local symmetry^° acting 
on some set of fields (p'^ as 



(/.'■(x) ^ = (/.'■(x) + S(l)''{x) , (50'^ (x) = e F'ix, (/.(x)) , 
and under which some classical action is assumed to be invariant: 



(4.1) 



+ eF"-] = . (4.2) 
However, we suppose that the integation measure is not invariant but rather transforms as^^ 

^ Y[V{f + eF'") = e'^^*^"^ . (4.3) 

r r r 

Then the generating functional of connected diagrams W[J] is given by 



iW[J] 



/n 



Vcf)^ exp 



iS[f]+i / Jr{x)(j)^{x) 



exp 



iS[(l>"']+i / J,(x)0''(x) 



exp 



iS[(j)'] + i / J^(x)0''(x) 



1 + ie J (A{x) + Jr{x)F''{x,(P)^Y (4.4) 



^°Note that although we use a constant parameter e the symmetries are in general local ones since F'^ depends 
explicitly on x. 

^^In the present general setting, wc use the symbol A for the anomalous transformation of the measure, reserving the 
symbol cL for the abelian anomaly (under chiral transformations of the fermions). 
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where we first changed integration variables from 0'' to and then used the invariance of the action 
and the anomalous transformation of the measure. It follows that 

J d^x (^A{x) + J,(x)(F'-(x,$))j) = , (4.5) 

where {0)j is the expectation value of the operator O in the presence of the source J, i.e. computed 
with an action S+ J Jr(tf and we denoted the quantum operator corresponding to (ff . Note that the 
identity (4.5) is true for all currents Jr{x). In particular, one can take successive functional derivatives 
with respect to Js^iyi), ■ ■ ■ Js„{yn) and then set J = to obtain relations between expressions involving 
various expectation values ($*i(yi) . . . $*"(y„)F^(x, $))j=o and the anomaly function A{x). 

We want to rewrite the identity (4.5) in terms of the quantum effective action F defined from W 
by a Legendre transformation. To do this Legendre transformation one first defines 

This can be solved (generically) to give J,, as a function of Wc let J^^r be the current which is 
such that ($^(a;)) J equals a prescribed value (p^{x). Then the quantum effective action r[<^] is defined 
as 

T[ip] = W[J^] - [ d^xif'-ix) J^,rix) . (4.7) 



Introducing a loop-counting parameter A by replacing S ^ jS, as discussed above, it is not difficult to 
see that T[Lp] equals S[lp] at tree-level, but it also contains contributions from all loops, hence the name 
quantum effective action. Along the same lines one can also see that an arbitrary Green's function 
can be computed (in perturbation theory) by using F as an action and only computing tree diagrams 
with all propagators and vertices taken from F. This shows that F is the generating functional of 
one-particle irreducible diagrams, i.e. of (inverse) full propagators and vertex functions. For these 
reasons the (p^' are sometimes called background or classical fields. It follows from the definition of F 
that J^,r{x) = and, of course, j^,^ = ^p''. However, we do not have {F{x, $)) = F{x, (p), 

unless F depends linearly on Thus we can rewrite the (anomalous) Slavnov-Taylor identity (4.5), 
by choosing J to equal J^, as 

ld'x{A{x)-{F^{x,nj^^)^0. (4.8) 

For a Zmear symmetry, i.e. with F''(x,$) depending linearly on the this simplifies as 

J d'^x (^A{x) — F''"{x, If ) ^ j^'^^ ^ =0 for a linear symmetry . (4.9) 

But eF^{x, (p) is just 5(p^, so that we can rewrite this as 

d'^x 5(p'^{x) ^ ^ = J d'^x eA{x) for a linear symmetry . (4-10) 

This states that, in the absence of anomalies, the quantum effective action is invariant under the 
same linear symmetries as the classical action and, when anomalies are present, the variation of the 
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quantum effective action equals the anomaly. Of course, this remains true for a linear symmetry 
depending on multiple infinitesimal parameters e"(x) in which case (4.10) reads 



4.1.2 Anomalous Slavnov- Taylor identities for gauge theories 

It is in the latter form (4.11) that the anomalous Slavnov- Taylor identities are most useful in the 
non-abelian gauge theories, where the role of the (ff now is played by the gauge and matter fields 



linear symmetry, does not translate into the corresponding symmetry for the quantum effective action 
T[Aq, ipo, ipo] (where Aq, ipo, i/jq play the role of the 9?''), even in the absence of anomalies. This is due to 
the fact that it is not the classical action which appears in the functional integral but the gauge-fixed 
action and the addition of the gauge fixing terms of course breaks the gauge symmetry. There are 
several avenues one can nevertheless pursue to exploit the gauge symmetry of the classical action: 

• The gauge-fixed action, although no longer gauge invariant, is BRST invariant. However, BRST 
symmetry is a non-linear symmetry. It follows that the (anomalous) Slavnov- Taylor identities 
for the BRST symmetry will hold in the form (4.8) but this is somewhat less convenient to 
deal with than the simpler form (4.11) for linear symmetries. Of course, one can still derive an 
infinite set of (anomalous) Ward identities between Green's functions. 

• One may use a specific gauge fixing, called background field gauge. This gauge fixing breaks 
the gauge invariance with respect to in the functional integral, as necessary e.g. to have a 
well-defined gauge field propagator, but this is done in such a way that r[Ao, V'O) '^0] is gauge 
invariant with respect to gauge transformations of the so-called "background fields" Aq, ipo, 'ipQ, if 
the functional integral measures are invariant. One can then derive (anomalous) Slavnov- Taylor 
identities for this quantum effective action computed using background field gauge fixing. 

• For the present purpose of studying anomalies there is an alternative way to proceed. As 
discussed in the previous section, anomalies arise from the non-invariance of the fermionic matter 
functional integral measures, and it is enough to consider the somewhat intermediate notion of 
effective action W[A] defined in (3.3) where one only does the functional integral over the 
matter fields. This avoids the complication of the gauge fixing procedure (and subsequent 
non-invariance of the gauge fixed action). It is clear from its definition that W[A\ computes 
the connected vacuum to vacuum amplitude for the fermions in the presence of an "external" 
gauge field A^. Alternatively, still for fixed "external" we may introduce sources x,X ^^i the 
fermions only, compute the generating functional W[x, X\ ^] and do the Legendre transformation 
with respect to x and x to get T[%1)q, iI)q\A\. This is the quantum effective action for the fermions 
in an external gauge field A^. Clearly, setting ipQ = ipQ = gives again the connected vacuum 
to vacuum amplitude for the fermions in the external field A^ so that W[A\ = r[0, 0; A]. In the 
following, we will concentrate on this iy[74]. 




for linear symmetries . 



(4.11) 



An, ip, ip. However, in gauge theories the gauge invariance of the classical action S[A, ip, ip], although a 
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Once we have obtained W[A] we must still carry out the functional integral over the gauge fields, 
now using as "classical" action 

S[A] d^xF^^F'""' + W[A\ . (4.12) 

If W[A] is gauge invariant then so is S[A] and everything proceeds as usual: one goes through the 
standard Faddeev-Popov procedure of adding a gauge-fixing term and the ghosts (or alternatively 
uses the slightly more general BRST quantization of adding some BRST exact term sbrst^ where 
^ is some local functional of ghost number —1). In the end one can then prove, as usual, that the 
theory is renormalizable and unitary and that amplitudes between physical states do not depend on 
the gauge fixing. However, if W[A] is not gauge invariant, all this breaks down and, typically, the 
theory would not be renormalizable and, even worse, would contain physical states of negative norm 
and unitarity would be violated. 

Let us now show that the gauge variation of W[A] is given by the anomaly and, hence, in the 
absence of anomalies, W[A] is indeed gauge invariant. Let A'^ = + 6A^ with 6A^ = D^e (or more 
exphcitly, dA^ = a^e" + C^^^A^e^). Then doing the by now familiar manipulations of first changing 
names of the integration variables from to and then letting the primed fields be the gauge 

transformed ones and using the invariance of the classical action as well as the possible non-invariance 
of the fermion measures, we get 



and we conclude 

S,W[A] = W[A + dA] - W[A] = J d^a;e"(a;)A(a;) • (4.14) 

The left hand side is the gauge variation of VFfA], so that the integrated anomaly equals the gauge 
variation of the effective action 

4.2 Current non-conservation and the anomaly 

For any functional W[A] of the gauge fields only, its gauge variation is given by 
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where in the last step we used the fact that one can do a partial integration with the covariant 
derivative as if it were just an ordinary derivative. Indeed, we have^^ 

= y d^x ( - d^g^ - Cap^Af^gt;) = - / e'^io^g^a ■ (4.16) 

Thus, equation (4.14) can be cquivalcntly written as 



SeW[A]^ Jd'^x {D^e{x)y 



sw 



Jd'^xe''{x)Aa{x) ^ D 



sw 



(4.17) 



The left equality states again that the integrated anomaly equals the variation of the effective action 
l^fA], while the equahty on the right states that the covariant divergence of the expectation value 
of the non-abelian matter current equals minus the anomaly. Indeed, with the current defined as in 
(2.17) we have ^ 

5W 



5A'^{x) 



(4.18) 



where the subscript A is to remind us that the expectation value is computed with a fixed "external" 



A^-field. Thus we arrive at 



[D,{J^{x))a), = - Aaix) . 



Recall that for the matter Lagrangian (3.1) we have 



(4.19) 



(4.20) 



These results are similar to but different from those obtained for the abelian anomaly under the chiral 
transformations of the fermions where we had (cf eq. (3.30)) 



-d,{J^{x))A = a(x) , 



(4.21) 



while (3.31) related the axial anomaly to the variation of the IPI effective action r['0o, V'o,^] at fixed 
gauge field A. 

Remark : Let us make a comment about a somewhat different definition of anomaly one can find 
in the earlier literature. With our definition (4.18) of the current, the definitions of the anomaly as 
the current non-conservation (4.19) or as the non- invar iance of the effective action (4.17) are perfectly 
equivalent. We will only talk about anomalies defined in this way. They are referred to as consistent 
anomahes in the literature (because they satisfy the Wess-Zumino consistency condition to be discussed 
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"^To simplify the notation, we will assume that the C"^^ are completely antisymmetric and we will then often denote 
them as Cais-y- As discussed in sect. 2.3 this is the case if the gauge group is a product of commuting compact simple 

and C/(l) factors, which indeed is the case for most gauge groups one does encounter. Also, if the group is non-compact 
(as e.g. 50(3, 1)) one can often study the compact version (as 5*0(4)) and "analytically continue" the result in the end. 
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later-on). In the earlier literature though, anomalies were mainly seen as a non-conservation of the 
currents. It then makes sense to change the definition of a current by adding a local expression in the 
gauge fields: </« — > + X^. Unless — fj^ with some local functional F, the new current does 
not satisfy the definition (4.18) with some modified effective action. In terms of the triangle diagrams 
to be discussed soon, the consistent definition automatically implements Bose symmetry between all 
vertices, while this is no longer the case for the modified currents. For a suitable choice of one 
may e.g. achieve that D^j^J^ is a gauge covariant expression (which is not the case for our definition 
of current and consistent anomaly) . In this case one talks about the covariant (form of the) anomaly. 
Again, in these lectures we will always talk about the consistent, not the covariant, anomaly. 

4.3 Anomalous Ward identities 

The relations derived above for the variation of the effective action or the covariant divergence of the 
current in an external field A^, are relations for generating functionals. Taking various derivatives 
with respect to the external field A^, generates an (infinite) set of identities between Green's functions 
known as (anomalous) Ward identities. 

Let us first recall the various signs and factors of i that appear in relation with the generating 
functionals. Since — does not involve the gauge field A it follow from the definition of W[A\ 
that 

where the subscript C indicates to take only the connected part of the current correlator. Now consider 
the n-point vertex function r(;Ji; ;^^(xi, . . . , x„) which appears as the coefficient of A'^\{xi) . . . A'^'^{xn) 
in the generating functional of IPI diagrams V[A\. More precisely, it is iT[A\ which generates the IPI 
diagrams. The n**^ order diagram is the connected time-ordered vacuum expectation value of n factors 
of ivCint = iJ^A'^. Hence, we have 

KWTaM, ■ • ■ ,^n) = {T{J^:i{x,) . . . J^:(a:J))c , (4.23) 
which equals (4.22), and thus 

4.3.1 The case of the abelian anomaly 

As a first example, consider the abelian anomaly of eq. (3.30) or (4.21) in a theory with only a single 
U{1) gauge field. Thus the generators t„ arc replaced by a single t whose eigenvalues arc the U{1) 
charges of the fields, conventionally called qj. In particular, tr-jittat/s —>■ g|. Then we have for the 
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abelian anomaly given in (3.24) 
5 5 



5A^{y) SAp{z) 



a(x) = 



1 / 



167r2 



SA^{y) SAp{z 



-e^'^^{2d^A^{x)){2d,A,{x)) 



z — x) 



By eq. (4.21) this should equal 

5 S d 



27r2 (E 



5A^{y) SAp{z) dxi^ 



d 



d 

dz" 



5^^\z-x) 



(4.25) 



A=0 



A=0 



(4.26) 



where an additional minus sign arose in the last equality because according to (4.22) each ^ gives an 
insertion of iJ . The three-current correlator is easily computed in perturbation theory as a one-loop 
triangle diagram with the three currents at the vertices, see Fig. 1. In complete analogy with (4.23), 
the exact relation is 

( T{.J^,{x)r{y)nz)))c = -Trix,y,z) , (4.27) 

with iT'^"'' computed from the triangle diagram with one vertex i x {i'^^'^^qj) and two other vertices^^ 
i X (ij'^qj) and i x {i^qj)- This will be done in section 5.1. 

.V 




Figure 1: The triangle diagram for a fermion of charge qj contributing to the abelian anomaly 



It follows that 



d 
dx^^ 



Upon Fourier transforming, taking all momenta as incoming (this corresponds to +ikx etc in the 
exponent) , 

j d^x d% dS e+^'^^+^f^z+i^^ (x, y, z) = (27r)^5(^) {k + p + q) "(-p - q, p, q) , (4.29) 

^^If the fermion field describes an electron, one usually writes q = —e with e > and the vertices then are +ej^j^, 
as well as +e'j'^ and +e"f'\ which is indeed the usual convention. 
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we get 

-i{p + q),rri-P - = ( E ^J) ^'^"^'^^A?. , (4.30) 

j 

a relation we will check again below (including the precise factor and sign) by explicitly computing 
the triangle Feynman diagram. More generally, for the abelian anomaly for fermions transforming in 
an arbitrary representation 7?. of a non-abelian gauge group one would have obtained 

-^{p + q)i.^t7^-p-q,P,q) = -^{WHpt^)) e'^'^xqa ■ (4.31) 

One can similarly derive (anomalous) Ward identities for n-point vertex functions p^'^^ with 
one insertion of 75 at one of the vertices. If only [/(I) gauge fields are present, the abelian anomaly 
is bilinear in the gauge fields A^. It follows that when taking three or more functional derivatives 
of eq. (4.21), the anomaly does no longer contribute. Hence, in this case, box, pentagon or higher 
one-loop diagrams are not affected by the abelian anomaly: 

i p« r^'^^ - '^" {p^^\p^'^\ ■ ■ .p^"^) = , p(^) = -J2r=2 P'^"^ ' n > 4 and only U{1) gauge fields . 

(4.32) 

On the other hand, if non-abelian gauge fields couple to the matter fields in the loop, i.e. if ir-n t tpt^ ^ 
for generators tp, t-y of a non-abelian gauge group, then the anomaly contains terms that are bilinear, 
trilinear and quartic in these gauge fields and the corresponding box and pentagon diagrams could 
also display the abelian anomaly. For the pentagon diagram e.g. it is straightforward to obtain 

Q 

with p^^^ = —Ylr=iP^^''- However, for the abelian anomaly we are interested in the case [tjtp] = 
[t, t^] = (only then the chiral transformation is a symmetry of the classical matter Lagrangian) 
when the relevant Lie algebra is a sum of the U{1) associated with t and some non-abelian G with 
generators tp, t-y. Then the trace is 

trn t t^pt^) = ^ qj Iyr. tf t^^ = ^ Cr. , (4.34) 



SO that (4.33) becomes 

27r2 

because C''|aia2^'a3a4] ~ ^ Jacobi identity. Hence the pentagon diagram is not anomalous. 

4.3.2 The case of anomalies under a non-abelian gauge symmetry 

Now we turn to anomalies under the (non-abelian) gauge symmetry. The anomalous Slavnov- Taylor 
identities implied the relations (4.17) and the covariant current non-conservation (4.19). Let us simi- 
larly extract an anomalous Ward identity for the 3-point vertex function 
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that one can check by a Fcynman diagram computation. This time though, the functional derivative 
with respect to A{y) does not commute with the covariant derivative with respect to x, since the 
latter now contains the gauge field. We begin with the right equation (4.17), which we write as 



d 6W[A] 



+ C^seA^ix) 



5W[A] 

Ja^)' 



(4.37) 



and take 



to get 



5Aa[A,x\ d 5^W[A] 



5Ai(y) dx)' SA«(x)5Ali(y) ° ' ' SAl(x)5A?,(y) 
Taking one more derivative with respect to j^q^ yields 

5''Aa[A,x] d S'^WIA] 



5Al{x) 



(4.38) 



5A^{y)5Al,{z) dxf^ 5A-{x)5A^4y)5A],{z] 



+ CaSeAlix) 



S^W[A] 



dA<;^{x)5M{y)5A;{z) 



5A%{x)5A'i{y) 5Al[x)5A],[z) 



(4.39) 



Take then A — Q and recall that (tr-??, t^tp — glC^^S^p) 

5^W[A] 



5M{x)8Ai{y) 



{T{j^{x)r^{y))) = r^^^(x,y) ^ n^;(x,y) = 5,^Ui:;^(x,y) , 



(4.40) 



A=0 



which corresponds to the matter contribution to the vacuum polarization. The subscript (i) on 11^"^ 
is to remind us that we are including the coupling constant and the normalization constant C^^ in 11^^'^ 
and for a gauge group with several simple or U{1) factors Gi these constants differ from one factor to 
the other. We will also denote 



S'^Aa[A,x] 



SA^.{y)6Aj{z) 



(4.41) 



A=0 



and finally get the anomalous Ward identity: 

-Aj^ix; y, z) = -^KJ-ri^^ ^) + [5^'\x - yW^^{y, z) - S^'\x - z)Ul^{y, z)] . (4.42) 

In the absence of an anomaly, this is very similar to the well-known Ward identity of QED which 
relates the divergence of the vertex function 9^r^ to the inverse of the full fermion propagator. Again, 
(4.42) can be checked by the computation of a one-loop, three-point amplitude, i.e. of a triangle 
diagram, as will be done in the next section. 

Of course, taking even more derivatives with respect to A before setting ^4 = also gives similarly 
(anomalous) Ward identities for the 4- and 5-point functions T^^^^'^ and ^^^p^Se^ ^ ^^^^ ^ higher 
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Of course, we are including matter loops, but no gauge field or ghost loops. 
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n-point functions. We will show in sect. 9 that (the consistent anomaly) Aa only contains terms 
quadratic and cubic in the gauge field A. This implies that taking four derivatives of Aa with respect 
to A yields zero, so that the Ward identities for all n-point functions with n > 5 are actually non- 
anomalous. However, due to the appearance of the covariant derivative in (4.37), these Ward identities 
relate the n-point functions to the (n — l)-point functions and, e.g. for n — 5, one has a non-anomalous 
Ward identity that nevertheless relates the 5-point functions to the anomalous 4-point functions. 
Taking again the Fourier transform of (4.42), using analogous conventions as is (4.29) we get 

-^{p + (l)t^K7'yi-P-1^P^(l)=-^aZi-p-<l'^P^(l)-Ca^^ Hj^^ (p, -p) - Hj:'/^ (-g, g) . (4.43) 



(Of course, the two-point functions arc even functions of their arguments, U'^^f'^^p, —p) = nj^^^^(— p,p).) 
The two terms on the right-hand-side arc often referred to as the anomalous and non-anomalous 
contribution to the Ward identity. We will find latcr-on that A'^^^^ ~ trT^ t(^ati3tj) so that the anomalous 
contribution is the part which is completely symmetric in the Lie algebra indices, while the non- 
anomalous part is completely antisymmetric in these indices. 

After all these general considerations it is maybe useful to recall that we have not yet determined 
the anomaly A"{x) giving the possible non-invariance of W[A\ under gauge transformations. What we 
have done is to set up a precise dictionary allowing us in the following to reconstruct the full anomaly 
from a single number we will extract from a one-loop triangle diagram computation, and also much 
later from more sophisticated considerations about the index of an appropriate Dirac operator. For 
now suppose the anomaly has the form 

Aa{x) = 4c e'^'^P'^trntJfst, (a^A^(x))(9,A^(a;)) + OiA') = c e^^'"^trntaF;::Ff^ + OiA') , (4.44) 

where F^™ = df^A^, — d^A^ is the linearized part of the non-abelian field strength. Then, similarly to 
the computation we did above for the abelian anomaly, we now get 

AJr(-P - P, = 8 c e^^^'^pA?. D% , (4.45) 
with the £)-symbol being the symmetrized trace^^ in the representation TZ of three generators 

D^f,^ = trnhatpt^) . (4.46) 

We conclude 



>^a('^) — 


{D^{J'^{x))A)a 


= c e'^'^'^'^trn t^Fj^^F^^ + 0{A^) 










-Kp + q),K7,( 


-p-q,p, q) 




= Sce'^P^'^PxqaD'^f,^. 




e— piece 



(4.47) 



^^The non- anomalous part of (4.42) is also easy to obtain using current algebra arguments as follows: taking d/dx^ 
of {T(^JI^{x)J^{y)J^{z))) gives a contribution {T (^dnJl^{x)J^{y)JP{z))) which vanishes to lowest order in A, but also 
contributions of the type - S{x" - y"){T{[J°{x), J^{y)]JP{z))) ~ 6^'^\x - y)Caf3e{T{J^{y)JP{z))) which arise from 
d/dx^ acting on the 9{x^ — y^) of the timc-ordcring. 

^^The symmetrized trace appears since in (4.44) e^'''"^{df^A^l{x)){dpAJ{x)) is symmetric in /3 <-> 7. Hence, we could 
have replaced tv-ji tat^tj by tr-;^ tat(ijt^) which, because of the cyclicity of the trace, is actually symmetric in all three 
indices. 
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5 Anomalies from triangle Feynman diagrams 



In the previous section, we have estabhshed precise relations, in the form of anomalous Ward identities, 
between (functional derivatives of) the anomaly and certain proper vertex (one-particle irreducible) 
functions. The relevant proper vertex functions in four dimensions are triangle diagrams. In this 
section we will very explicitly evaluate such triangle Feynman diagrams. We first do the computation 
for the abelian anomaly and confirm our results of section 3. Then we compute the triangle diagram for 
chiral fermions coupled to non-abelian gauge fields, thus establishing the non-abelian gauge anomaly. 

We will do the computation in Pauli-Villars regularization so that one can very explicitly see how 
and where the anomalies arise. We will provide many computational details. The reader who is less 
interested in these details may safely skip most of the calculations and directly go to the results (5.13) 
and (5.16) for the abelian anomaly, and (5.43) as well as (5.44) for the non-abelian gauge anomaly. 

5.1 The abelian anomaly from the triangle Feynman diagram: AVV 

We will now compute the anomalous triangle diagram with one axial current and two vector currents 
(AVV) and probe it for the conservation of the axial current. In the above language, we will do 
a Feynman diagram computation of Fg^J^^^. In the next subsection, we will be interested in a very 
similar computation. In order to be able to easily transpose the present computation, we will replace 
= itjj'f'^'f^tifj by the more general 

J'5a = ^^7^75ta^ , (5.1) 

and instead compute T^'^^^. We may then replace the non-abelian generator ta by the abelian generator 
t in the end. 




Figure 2: The two triangle diagrams contributing to the abelian anomaly 

As shown in Fig. 2, there are two diagrams contributing to il'^p^'', corresponding to the two ways 
to contract the fermion fields contained in the currents. As explained above, the vertices contribute 
~l^lbta s-nd —^'^ti3, resp. —^H^, while the fermion loop contributes an extra minus sign. A propagator 
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for a fermion of momentum k and mass m is ., , V = (—i) ^'^'t"^. . We get 



+(p^q, p, /3 ^ 7) , (5.2) 



or simplifying a bit (note that we get an extra minus sign from anticommuting the 75 to the left) 

(6.3) 

Of course, as it stands, the integral is divergent. Since dimensional regularization is tricky in the 
presence of a 75, we will use the safer Pauli-Villars regularization. It consists in adding for each fermion 
another one with a large mass M and opposite statistics (thus missing the minus sign accompanying 
the fermion loop). This amounts to subtracting from each integrand the same expression but with 
massive fermion propagators. If the integral (5.3) were convergent, the contribution of the regulator 
fields would vanish as M — > 00, as it should for a sensible regularization. Instead, the divergence of 
(5.3) translates into an M-dependence of the regularized integral. At present, our regularized Fg^^'^ is 

[^baJy^'P ~ ^^P^ ^)]reg ^ ~^ /(^ q)-lM^{k,p, q)^ trTztJpt^ + {p ^ 1/ ^ p, /3 ^ 7) , 

(5.4) 

with 

'M\Kp,q)^i.u[l.l^ ^^^^^,^^,_. l k^^M^-iP {k-qY + M--ie \ " ^'"'^ 

Let us insists that, for any finite M, (5.4) is a finite well-defined integral, and all the usual manip- 
ulations, like shifting the integration variable, are allowed. Clearly, unlike (3.1), the Lagrangian for 
these massive regulator fields lacks the chiral symmetry (3.23), and this is why one finds the anomaly 
in the end. 

We arc only interested in (p + q)^ \y^(3'y{~P ~ 1-,P-,l)\^^^ ci^d, hence, we only need to compute 
{p + q)^lM''{k,p,q). Using 

75(j^ + ^) = 75(1* + ^ - iM) + (^ - ^ - iM)75 + 2iM75 , (5.6) 

we get 

I J. ^ Tf^-p/i- ^ - trD^,Y{^ + ^M)Yi^-i + tM) , tr,,75(^+^ + zM)7-(^ + iM)7'' 



+ M2 - u] [{k - qf + M2 - ie] [{k + pY + M"^ - ie] + - ie] 
. iip 75(^ + + iM)r{Ji: + iM)Y{^ -i + iM) 

' [{k + pY + M^-ie][k^ + M^-ie][{k-qy + M^-ie]' ^ ' 



29 



Now, in the Dirac trace of the first term, only tr^j '^^Y^l'^i^ ~i) = Me'^^f"^kx{—qa) contributes. Then, 
when doing the (convergent) integral J d'^/c (with the M = term subtracted), the k\ necessarily 
gets replaced by a four-vector proportional to qx, which is the only available one in this expression. 
When contracted with e^^f^q^ this vanishes. Similarly, the second term in (5.7) only involves k and p 
and, after integration over d A;, yields a contribution — 0. Hence, only the third term in 

(5.7) will contribute and, since tr^, 75(^ + 1( + iM)Y{^ + iM)Y{^ - ^ + iM) = AM e^P^^pxqa, we have 

where ~ means equality up to the terms that vanish after integration. Note that there is no cor- 
responding term in {p + q)^^!^^^ . In this sense, the whole anomalous contribution comes from the 
regulator term I'^'' ■ However, the vanishing of the first two terms in (5.7) after integration is only 
guaranteed if we correctly consider the combination Iq — Im- Using (5.9) and (5.4) we get 

-i{p + q)^ Kj^(-p - q)]^^^ = 8iM' e^^'^Vga /(p, M) Iy^ tj^t^ + {p ^ q, u ^ p, P ^ -f) , 

(5.10) 

with 

/d'^k 1 
(27r)4 [(A; + p)^ + - ie\ [A;^ + - it\ \{k - qf + - ie] ' ^^'"^^^ 

The regulator M should be taken to oo in the end, so we only need the asymptotics of this integral 
for large M which is easily obtained by letting k = Ml: 

nP.Q.M) ~ ^/(^[;2 + i_,,p = ' (5-12) 

where the i comes from the Wick rotation. Hence, we get a finite hmite for M'^I{p, g, M) as we remove 
the regulator (M — > oo), and 

-i{p + q)ti^5aJri~P~^^P^^) -^^''''^"Px^l'T^'^ntcctpt^ + ip^q, P, (i^l) 

^ e^'^yxqatrntaHpt^) • (5.13) 
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Upon setting t„ = t, this exactly reproduces the result (4.31). 

As discussed above, this result implies that the axial current j'g is not conserved in the quantum 
theory. As long as this only corresponds to an anomalous global chiral symmetry as in (3.23), it 
docs not lead to any inconsistency. It simply states that a certain global symmetry is broken by a 
quantum effect. On the other hand, we might have probed for conservation of the two other (vector) 



^^Indeed, we have 



f Mkf h \ 

J \[fc2 + M2-ie][(fc-g)2 + M2-ie] [k^^ - ie][{k - q)^ - ie] j 



d,x y d A: I _ ^^^2 + M^ + x(l - x)q^ - ie]2 [{k - xq)^ + x(l - x)q^ ~ le]^] ' ^^'^^ 
which is convergent. Shifting the integration variable from k io k' = k — xq, the integral is seen to be ~ (/a- 
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currents and In a non-abelian gauge theory these currents do couple to the gauge fields and, 
as extensively discussed in the previous section, their non-conservation would signal a breakdown of 
the gauge invariance. Let us now check that this does not happen. Because of the symmetry under 
exchange of p, (3 with q, p, 7 it is enough to compute p^, \y^aj3-yi~P ~ ^^P^ ^)]reg' Pi^^M^i^^P^ 
involves 

+ + iM)]^{^ + iM) = {l^+^ + iM)\{^ + ^- iM) - - iM)] + tM) 

= [{k + pf + M^]{^ + iM) - (|i + ^ + iM) + M^] , (5.14) 

which now leads to 

^ tr,j 757^(1^ + iM)Y{^ -i + iM) _ iTp 757^(^ + i> + iM)Y{^ - j + iM) 
p,!^ [H:,p,q) ^f^2 ^ - i€][{k - qy + - ie] [{k + p^ + M'' - ie][{k - q^ + - ie] ' 

(5.15) 

As compared to (5.7) the third term is now absent. This is directly related to the absence of 75 in the 
current we are probing for conservation. As before, these two terms in (5.15) vanish upon integration 
over d^/c, provided we always consider the convergent combination Pvlu^ik^p^q) — p^lQ'^''{k,p,q)}^ 
We conclude that 

Pi^'^sZii-P-Q^P^Q) = ^pTg^^^l-p-^^P,?) = . (5.16) 

5.2 Triangle diagram with chiral fermions only 
5.2.1 Chiral fermions: preliminaries 

Wc begin by recalling some simple facts about chiral fermions. Introduce the chirality projectors Pl 
and Pr as 

P,= l±^ , P«=i^. (5.17) 

Since 7I =75, these projectors are hermitian. They satisfy PlY — I'^Pr ^^d PrY — I'^Pl, as well 
as PlPr — PrPl — 0, so that in particular PlYPl — 0, etc. For any fermion field we let 

^L = Pl^ , ijR = PRij , ^ = ^L + i^R. (5.18) 

The projected fields ipi and ipR are of course eigenstates of the chirality matrix 75: 

75^i? = -^R ^ PR'ipR = i'R, PlIpR = . (5.19) 

i/jl has positive chirality and is called left-handed, while ipR has negative chirality and is called right- 
handed. A fermion is called chiral if it either only has a left-handed part ipL or only a right-handed 
part ipR. Since the projectors are hermitian and ip = ipH^, we also have 

^Pl^O, TlPr^Tl , ^Pr^O, ^^Pl^Jr. (5.20) 



^^Indeed, the first term in (5.15) is ~ e^^P^kxq^ and vanishes after the integration which replaces k\ by some four- 
vector proportional to qx- In the second term, shifting the integration variable to k' = k + p, we see that it equals the 
first term with p + q replacing q. Hence, it also vanishes after integration. 
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It follows that 

Tii^L = Tl {PM = (^Pl) ipL = , Jr^Pr = {PriPr) = (i^PR) iPr^O . (5.21) 
Thus a Dirac mass term only couples the left-handed to the right-handed part of a fermion, 

tPiJj = J~l^Pr + ^^Pl , (5.22) 

and a chiral fermion (with either ipL — or ipR — 0) cannot have a (Dirac) mass term. On the other 
hand, 

Pr]PiPl^^PliPl^^iPl , PLlpipR^]pPRipR^]pipR, (5.23) 

so that ]pipL is right-handed and ]pipR is left-handed, and the standard kinetic terms '^l^P'^l or 
ipRjpipR are non- vanishing. 

There is actually a possibility to write a mass term for a chiral fermion. As we will discuss in 
more detail in sect. 7.1, the charge conjugate field ip"^ = i'j^Cip* (see eqs. (7.4) and (7.5)) has the 
opposite chirality, i.e. if ip is left-handed, then ip'^ is right-handed, and vice versa. Thus we can write 
a non- vanishing mass term of the form (5.22) as 

m(V^V.£ + VlV'L) . (5.24) 

Since ipl is right-handed, we could equivalently have written ip'^ipR + ipRip"}^. Note that the mass 
term (5.24) violates fermion number conservation^^ which is related to the global U{1) symmetry 

■0 — > e^^ip. Adopting a basis of 7'^- matrices such that 75 — ^-^^ > one can write ipL = with 

a 2-component Weyl spinor Xa, a — 1,2. It is then not difficult to see that (5.24) can be rewritten as 
the standard mass term for 2-component Weyl spinors, namely^° 

{Xaea(3X(3 + X*/3^paX*a) , (5-25) 

where — {io'2)ai3- More generally, one could have several fermion fields ■0£, resp. x'', r — 1, . . .n 
with a mass term involving a (symmetric) mass matrix 

J^m.^^^r + C'^i) =^ E ^-(XaMX^ + (x^)*^/3a(Xa)*) (5-26) 

r,s r,s,a,P 

However, we will see in sect. 7.2 that depending on the representation 71 of the gauge group (or any 
global symmetry group) carried by the ipi,, such a mass term may or may not be allowed by the gauge 
symmetry (or global symmetry) and, whenever it is allowed, the representation TZ does not lead to any 
anomaly. For this reason, we may just as well continue to consider massless fermions only. Further 
issues about generating masses for chiral fermions arise in spontaneously broken gauge theories like 
the standard model. These will be briefly discussed in sect. 7.3. 

^^Although fermion number non-conservation is experimentally very much constrained, it is of course not inconsistent 
from a theoretical point of view. 

^°One can take = and 7-' = '^■'^ , so that C = —^7^7^ after fixing an arbitrary phase. Then 

V'i = (ialx*) ^^'^ ^ ^^^i = «X*^(«(^2)x* and similarly {tpLi'D* = V'iV'L = ix'^{i(^2)x- 
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5.2.2 Matter Lagrangian for chiral fermions and ill-defined determinants 

For a massless chiral fermion one can write a gauge-invariant kinetic term as 

^matter = "^^^L , (5.27) 

(and similarly for a right-handed ipn). In order to continue to use the usual Feynman rules it is useful 
to rewrite this in terms of a non-chiral fermion field ijj by inserting the chirality projector: 

>CLtter = -i'^PPL^ ■ (5.28) 

This shows that the propagators now are simply (— i) x Pl -j^^ and the vertices are i x {i^^ta)PL- Sup- 
pose that one computes a fermion loop diagram like the above triangle diagrams. The corresponding 
expression is 

- (n-'J^". ^ . . . . (8.29) 

Exactly the same expression would be obtained from the same vertices i x {i'y^ta)PL but with the 
propagators being {—%) x i.e. without the chirality projector. These Feynman rules would be 

obtained from a matter Lagrangian 

>cltter = - VS(-^4)^lV' = -i'^Pni' - i^ipPLi^ , (5.30) 

containing a left- and a right-handed (i.e. a non-chiral) propagating fermion, but with only the left- 
handed part coupling to the gauge field. 

We now have two different ways to see why chiral fermions need not yield a gauge invariant effective 
action This is particularly obvious for the Lagrangian (5.30) which is manifestly not gauge 

invariant since only the left-handed part of the fermion field couples to the gauge field, while the 
right-handed part doesn't. At tree-level, with only external left-handed matter fields or gauge fields 
this does not manifest itself, but once we compute loops the non-gauge invariance of the right-handed 
part will show up as a non-invariant determinant. Alternatively, we may consider the fully gauge 
invariant Lagrangian (5.27). There is no obvious way to define the functional integral 



e 



^^[^1 = j Vi/jLVi/jLe-'^^^^"^ ~ Det (^Pl) , (5.31) 



since IpPi is an operator that maps left-handed fermions to right-handed fermions, which live in 
a different part of the Hilbert space. For such an operator there is no obvious way to define a 
determinant. This problem is particularly clear in the Euclidean, where we denote the operator as 
{IPPl)e- One may instead try to consider the operator {IPPl)'^j^{IPPl)e which maps left-handed 
fermions to left-handed ones and which does have a well-defined (and gauge invariant) determinant. 
If {IPPl)e had a well-defined determinant we would have Det [{IPPl%{IPPl)e\ = |Det (^Pl)e|^ We 
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can nevertheless use this to define the modulus of the ill-defined determinant and hence of the ill- 
defined (Euclidean) functional integral (5.31). However, this does not fix the phase which, of course, 
depends on the "external" gauge field A^: there is no guarantee that one can define the phase in a 
satisfactory gauge invariant way. It is precisely if this cannot be done that one has an anomaly under 
the gauge symmetry. This argument shows that the anomaly resides in the phase of the determinant, 
i.e. in the imaginary part of the Euchdean In the second part of these lectures, in sect. 10, we 

will make this argument more precise and exploit it to actually compute the anomaly. There we also 
show that when continuing from the Minkowskian to the Euclidean, the only terms in an Euclidean 
action that are imaginary are so-called topological terms, i.e. terms involving e^*^/"^. Thus the present 
argument shows that the anomaly can only concern these e'"^'"^-terms. This is indeed what we have 
already observed. 

5.2.3 Feynman diagram computation of the triangle for chiral fermions : the anomalous 
part 

We will now compute the three-point vertex function ^^l^^p-y ^'^^ ^^'^ above matter Lagrangian (5.27) 
for a chiral left-handed fermion. As explained, we may use ordinary propagators but insert a chirality 
projector at each vertex. This amount to computing the expectation value of three left-handed 
currents, F^^^^^ = —{T[J^aJ^pJ[^)) where the currents are J^^ — iijj'yHaPLi'- The corresponding 
two diagrams are shown in Fig. 3. 




Figure 3: The two triangle diagrams contributing to the non-abelian chiral anomaly 

Exactly as in the previous subsection for ^^^'^^{—p — q,P,Q), cf. eqs. (5.2) and (5.3) (except that 
in (5.3) there was an extra minus sign from anticommuting the 75 to the left), we now get 

+ (p ^ g, p, /3 ^ 7) ■ (5.32) 

Again, we use the Pauli-Villars method to regularize this integral. 

As is well-known, Pauli-Villars regularization preserves gauge invariance, so how then can we find 
an anomaly? On the other hand, for chiral fermions one cannot write a (Dirac) mass term, so how 
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then can we use Pauli-Villars? The answers to both questions are related, of course. As discussed 
above, it is perfectly equivalent, at least at the level of computing the Feynman diagrams, to consider 
the fermions as non-chiral, i.e. with ordinary propagators, but with chiral interactions as described 
by the matter Lagrangian (5.30). This allows us to add a mass term for the fermions, as required by 
the Pauli-Villars regularization. As also discussed above, this matter Lagrangian (5.30) is not gauge 
invariant, and this is why we will find an anomaly in the end. 

Since r^^^^(— p — q,p,q) has a degree of divergence equal to one it is enough to add one regulator 
field of opposite statistics. However, at intermediate steps of the computation, we will encounter 
integrals of degree of divergence equal to two and, in order to also efficiently regularize these integrals, 
we add one more pair of regulator fields (one bosonic and one fermionic). Using the notation 770 = 
772 = 1, Vi — V3 — ^ well as Mq — 0, we then have 

(5.33) 

with 

JS%,P,<,) = tr„ {yP. _ ^ rP. ,. I _ , YP. _ , j . (5.34) 

Cancellation of the leading (quadratic) divergences just requires Y^t=oVs = 0, while cancellation 
of the sublcading (logarithmic) divergences will require to choose the regulator masses such that 
ELi VsM^ = 0, i.e. M| = Mf + M|. 

We will first show that ^^''(fc,^, g) equals the same expression with all iM's in the numerator 
deleted. Indeed, pick out any piece in the Dirac trace involving such an iM. Due to the cyclicity of 
the trace it always appears as (with A and a being any of the /i, p) 

. . . ^^PLiM^PL = -f^MPLPRY . . . = . (5.35) 

Thus 

trDl>'PL{^+i>)rPLHPL{l^ - i) 



[{k + pY + M2 - ie] [A;2 + M2 - ie] [{k - qY + - ie] 



JM^{k,p,q) = 



[{k + pY + M2 - ie] [k'^ + M2 - ie] [{k - qf + - ie] 
Again, we are only interested in {p + q)^JM^ik,p, q). Thus we need 



(5.36) 



irD{lj^-i){i> + i){lj^+i>)Yh'PL = trB(^-^)(j/ + ^-^ + ,^)(^ + #)7W^L 

= {k+pfiYD - i)YHPL -{k- qftiD {V^+i>)YHPL 
= [{k+pf + M^jtro - i)YHPL - [{k - qf + M^Jtr^ {^+]^)rh''PL 
+MhrD(]^ + i)Yh'PL , (5.37) 
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yielding 



+ M 



[A;2 + M2 - ie] [{k - + A'P - ie] [{k + pf + - ie] [k^ + - ie 

2 tTD{]^ + <i)Yh'PL 



[{k + p)2 + M2 - ie][A;2 + - ie][(A; - q)^ + - ie] ' 



(5.38) 



Hence, 



,1 

s=l 



(5.39) 



where I^^ij)) and JM^iPiO) convergent integrals, allowing us in particular to shift the integration 
variables: 



(27r)4 ^ [{k + p)2 + M2 - ie][F + M2 - ie] ' 



(5.40) 



and 

JZXp^i) 



)Y^YPl 



d^fc 

(27r)4 [(A; + p)2 + M2 - ie] [A;2 + - ie] [{k - qf + M2 - ie] 



dx 



dy 



d^A; 



[ dx [ 
Jo Jo 



(27:)^ [{k + xp — yqY + M"^ + r(p, g, y) — ie]^ 
i-a; f d'^k' 1 

dy tro (|( + i)Y{yi - x^)YPl 



{2-kY [k'^ + M2 + r(p, g, a;, y) - ie 



3 ' 



(5.41) 



where r(p, g, x, y) = x{l — x)p^ + y{l — y)q^-\-2xypq. We only need the large Mg limits of MgJ'^,{p, q). 
They are all the same, (cf (5.12)) 





i 1 



l-x 



Yim^W^JZ^P^q) = 2 I dx I dyixn{^ + i)Y{yi-xi,)YPL 



X 
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167r2 6 
i 

24^ 



^^DiTl> + iWii-i>)YPL 



q^'q" - p'p" + ^^-^v"" + ie^'""'Pxqa 



(5.42) 



We have mentioned above in subsection 5.2.2 (and explicitly observed for the abelian anomaly) 
that the anomaly is given by the terms involving e^''^" . We will see soon that the I^P{p) and I'^^{—q) 
do not give rise to any such terms. Hence, inserting the e-terms of (5.42) into (5.39), we can already 
state the main result of this section 



-i{p + q)^,TL'"aLi-P - 



ie^'^'Ppxqa t^n tjfs^ + {p ^ q, ^ P, P ^ l) 



e-terms ' — ' 247r2 



e Pxqa-l^aBt ' 



n 



127r2 



(5.43) 
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where we used Yll^iVs = ~Vq — ~1 ^^'^ -^^7 — tr7^tQ,t(^t^). Using our general result (4.47), we can 
equivalently write this as 

= -^e^'''^"trntad,A,d,A, + 0{A') , (5.44) 

where we added a superscript L on Aa{x) to remind us that this anomaly is computed for left-handed 
fermions. We have not determined the 0{A^) contributions to the anomaly. As discussed for the case 
of the abelian anomaly, they appear as anomalous contributions to the Ward identities for four-point 
or higher-point vertex functions. Of course, one could obtain them along similar lines, but we will not 
do so here. We will show later that the so-called Wess-Zumino consistency condition completely fixes 
these higher-order contributions in terms of (5.44). For now, let us only say that, contrary to what the 
first line of (5.44) might suggest, we will find that the complete anomaly is not ~ e^^f^tT-ji taF^j^Fp^ 
but instead is given by 

^a(^) = -^^'"'""tr^ [A^dpA, - '-A,[Ap, A,]) . (5.45) 

Note that the absence of terms quartic in A means that the Ward identities relating the 5-point and 
4-point functions are not anomalous. Note also that e^'^^"'[A^, [Ap, A^-]] = by the Jacobi identity, so 
that the cubic term can be rewritten as e^'''"' AJ\Ap,A^\ = \e>^''<"' {AJ\Ap, A„\ [A^, A^-JA^), showing 
that this term also only involves the symmetrized trace of the three generators. Hence 

-4^(^) = -^^^^''""'^.[KW - ■ (5.46) 

Obviously, we could just as well have done the same computation for right-handed fermions with 
Pr = 1(1 — 75) replacing P/, = |(1 + 75) everywhere. As a result, the final sign in front of the e^^^'^ 
would have been opposite and hence 

= -^a(^) ■ (5-47) 

5.2.4 The remaining terms from the triangle for chiral fermions and the anomalous 
Ward identity 

We now finish our computation and explicitly evaluate I'^^{p) as given in (5.40). The reader may 
skip this subsection since it is not needed to get the anomaly. We nevertheless want to show how the 
contributions from I'^f{p) combine with those from the previous subsection to give the full anomalous 
Ward identity derived in sect. 4.3.2. 

^^Recall that for the abehan anomaly there was a quartic term in A but the group theoretical factors combined in 
such a way that the corresponding anomalous contribution to the pentagon diagram was proportional to the Jacobi 
identity and thus vanished. 
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Introducing a Feynman parameter x in eq. (5.40) and then shifting the integration variable from 
k to k — xp we get 



dx 



(27r)4 ^ [{k + xpy + M2 + x{l - x)p2 - ie]2 

3 



^6 



tr,, + (1 - x)i^)Y{^ - xi,)YPL 



(5.48) 



The Dirac trace appearing in the numerator equals tr^j [j^ + {1 — x)]f)'~^^{}^ — 2:^)7'' = Ak'^k^ — 
2/^2^j/p _ ^^^i _ x)p'^pf + 2x(l — x)p'^ri''f + terms linear in k. In particular, the contribution of the 75 
which is ~ e^^^^pxk^ is linear in k. Upon performing the /c-integral, all terms linear in k vanish, and 
we can also replace -ik^k^ ~ k'^rj'^''. As promised, I'^^^ does not contribute an e'^''^'^-term. We get 



dx 



- v^'PhiR) - 2x{l - x) (2pV - p^7]''P)lo{R) 



(5.49) 



where R is shorthand for x{l — x)p^ and 



h{R) = 
h{R) = 



d^k 



(27r)4 ^ " [A;2 + M2 + - ie]^ IGtt^ 

V 7 L ' s ' J 



^77, log (M,2 + i?) , 



d^A; 



(2vr)^ ^ ' [k^ + M^ + R- ie] 



87r2 



^ Vs [Ml + i?) log {Ml + i?) 



s=0 



(5.50) 



where we used X]s=o^« ~ ^'^'^ Xls=o^«^s ~ Ss=i = to cancel the quadratically and 

logarithmically divergent pieces. Recall also that ?7o = 1 and Mq = and that the other Mg should 
be taken to infinity in the end, so that we can drop any terms that vanish in this limit. Thus 



J2 Vs log (M^ + R) ~ log R + J2vs log , 

s=0 s=l 

3 3 3 

J2 Vs {Ml + R) log {Ml + R) - RlogR- R + rY^ 7]^ log + ^ rj^M^ log , (5.51) 



s=0 

SO that 



r^ip) = 



47r2 



da; 



xfl — X 



) (pV - P^V''") llog(x{l- x)p^^ +Yvs log Ml 

\ s=l 



1 / ' 

+ -77'''' x(l - x)p^ - ^ r;,M,2 log 



247r2 



s=l 
3 



(/r^'^^ - pV) ( logp' - ^ + 5] 77. log ) - P-rf^ + 877'^'' J] r^^Ml log M 



(5.52) 
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Combining with (5.42) (recalling again that Yll^iVs = ~1) we get 



no e— terms 



s=l 



with 



^ZiP) = (pV - P^P") ^ ( logp' - ^ + E r/, log Ml 



(5.53) 



(5.54) 



s=l 



Note that each n^^(p) and nj^(g) is transverse. Note also that the "leading term" ^^^-^ r/^M^ log 
has cancelled in the difference (5.53). The remaining term ^^^-|^ log in n^(p) is related to the 
usual logarithmic behavior of the vacuum polarization and is eventually cancelled by an appropriate 
counterterm of the gauge-field Lagrangian. 

Of course, (5.53) is antisymmetric under exchange of v with p and p with so that when adding 
in (5.39) the term with p,!/, (3 q, p, 7 one generates the combination 



(5.55) 



where the subscript /superscript i indicates the simple or U{1) factor Gi to which the indices /3,7 
correspond. Thus definig 

Kmip) = a^c^^^ip) , (5.56) 

and putting everything together we finally get 



-i{p + q)f. [^C^-yi-p - I^P^ q)] 



I reg 



127r2 



^Z,i^^iP)-n,i^^i<l) 



(5.57) 



which is exactly of the form of the anomalous Ward identity (4.43), provided we can indeed identify 
^'m {i)(p) with the corresponding matter contribution to the vacuum polarization. However, this is 
easy to check. 

Indeed, we have seen that the 75 in the chirality projector Pl does not contribute to the above 
computation of n^(p), hence the only effect of Pl is the factor |. We can compare with the well- 
known vacuum polarization in QED due to an electron: U'g^^^p) = {p^r]"'^ — p^pP)'K{p) with 7r(p) = 
^ dx x{l — x) log[mg + x(l — x)p^] + . . ., where the ellipses refer to p-independent terms that depend 
on the renormalization conditions. For rrie = this gives ^'qed^P) ~ (p^^'^^ — p^p'') jf^ (log J9^ + const). 
Taking into account the | from P^, as well as trtt = for QED with only electrons, i.e. gfC^^ — > e^, 
we see that (5.54), and correspondingly T{Yi[i){p)i has precisely the correct normalization (and sign!) 
to be identified with the matter contribution to the vacuum polarization. 

In conclusion, we see that T^^^^^, as computed from the triangle Feynman diagram, satisfies the 
anomalous Ward identity (4.43) and that the anomalous terms are those involving the e-tensor. Since 
^upXap^q^ is symmetric under exchange of (z/, p) with (p, q), overall Bose symmetry (the currents, resp. 
the gauge fields are bosonic) requires that the remaining factor must also be symmetric, and hence it 
must occur in the form of the symmetrized trace -D^^, as it indeed does. 
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6 Locality and finiteness of the anomaly 



So far we have computed the anomaly under global chiral transformations of the fermions, i.e. 
the abclian anomaly, as well as the anomaly under (non-abelian) gauge transformations for chiral 
fermions. In both cases we have found that the anomaly du{x), resp. Aa{x), or rather J e{x)di{x), resp. 
J e°'{x)Aa{x), which is the variation of the effective action, is a local functionaP^ of the gauge fields 
with finite coefficients, i.e. coefficients that are regulator independent. At first sight, neither of these 
properties is obvious: the one-loop effective action for massless fermions is a complicated non-local 
functional with various divergent, i.e. regulator dependent coefficients. (Of course, finite, i.e. regu- 
lator independent expressions are obtained after adding the appropriate counterterms.) Indeed, we 
have seen in the above computation that the non-anomalous part of the Ward identity involving the 
vacuum polarization tensors 11^ is both non-local (the logp^ terms) as well as regulator dependent 
(the YlVs^ogM^ terms). On the other hand, the anomalous part of the Ward identity is indeed 
local, i.e. polynomial in the momenta, with an Mg-independent coefficient. Let us now show that any 
anomaly must always be finite and local. 

6.1 Locality of the anomaly 

First recall that if the (matter-loop) Feynman diagrams can be regularized in a manifestly gauge- 
invariant way, the gauge invariance is manifest on the regularized IPI vertex functions and they 
can be renormalized by adding gauge-invariant counterterms. As a result, the renormalized vertex 
functions respect the gauge invariance, and there are no anomalies. 

If it is not possible to regularize while maintaining manifest gauge invariance (or any other in- 
variance one is considering), then anomalies may arise. As already mentioned, one cannot regularize 
the propagator for a chiral fermion using the Pauli-Villars method, since a chiral fermion cannot have 
a mass. (Instead we used the trick to consider a non-chiral fermion but with only its left-handed 
fermion interacting with the gauge field - which again breaks the gauge invariance). Neither can one 
use dimensional regularization as for non-chiral theories, since there is no definition of 75 in 4 — e 
dimensions that satisfies all the usual properties. 




Figure 4: In four dimensions, considering only fermion loops, the box diagram on the left is divergent, 
while the pentagon and hexagon diagrams in the middle and on the right are convergent. 

Clearly, a convergent amplitude on the other hand needs not to be regularized and, hence, can 

^^A functional of a field (p is called local if F[^] = J d'^xf{x) with f{x) depending only on (l){x) and finitely 
many derivatives of (j){x). Equivalcntly, after Fourier transforming to momentum space, the finitely many derivatives 
translate into a polynomial in the momenta. 
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be computed in a manifestly gauge-invariant way. Thus it cannot be anomalous. Consider the n- 
point one-loop vertex functions. They have n fermion propagators that each behave as | for large 
loop momentum and n vertices that do not involve any momentum. Hence these diagrams have 
superficial degree of divergence 4 — n, and are superficially convergent for n > 5. But superficially 
convergent one-loop diagrams of course are convergent. Hence the pentagon, hexagon and any higher- 
point diagrams are convergent in four dimensions. More generally, we will see that chiral anomalies 
only occur in even dimensions d — 2r and then any n-point one-loop vertex function with n>2r-\-l 
is convergent. In a non-abelian gauge theory, gauge invariance relates a derivative of the n-point 
functions to (n — l)-point functions, as we have seen above when deriving the (anomalous) Ward 
identities. Thus in four dimensions, all identities for n > 6 only involve convergent one-loop diagrams 
and must be non-anomalous Ward identities. The identity for n = 5 is slightly more subtle since it 
relates the derivative of the convergent 5-point function and the divergent 4-point functions. However, 
we already noted that this also is a non-anomalous Ward identity, since Aa does not contain any terms 
quartic in the gauge field A. 

Consider now a divergent and possibly anomalous one-loop diagram (amplitude) of (superficial) 
degree of divergence D. Differentiating once with respect to an external momentum yields a sum of 
terms where in each term one of the internal propagators is replaced according to 

d [ I \ d [ ^ + # + ... ^^ (^ + j^ + ...)7'^(^+j^ + ...) 

— > (6-1) 



^Pm V ^ + i^ + --7 V (A; + p+...)V [(A;+p+...)2]2 

and hence decreases the degree of divergence by one unit. By taking D derivatives with respect 
to the external momenta then gives an expression of degree of divergence D — {D — —1, i.e. a 
convergent integral. As just explained such a convergent integral does not need regularization and 
cannot be anomalous. Hence, taking enough derivatives of the vertex functions gives non-anomalous 
expressions. Said differently, taking enough derivatives with respect to the external momenta of 
the anomalous part of the vertex functions yields zero. Let's be a bit more precise. Suppose the 
most divergent anomalous vertex function (in 4 dimensions this is the 3-point function) has degree of 
divergence D. Then the anomalous part can be extracted form p^^^^Y^'^'''^" . Due to the presence of the 
p[f^ we need to take one more derivative with respect to the external momenta to get zero: 



d d 



V^''^ anom/ dn\l rlr,'^+^ fixed AfeCO) "V^^ ' Vi^ 7^ 



dpl\ dpZXl ^ anom/ dpl\ dp 



-V ' ' V- 



fixed 



D + 2 times D + 2 times (6.2) 

where Aa{p^^\ A{p^^^)^ is the Fourier transform of the anomaly Aa{x, A{x)). For the example of the 
triangle diagram studied in detail above, i.e. for T^^^^^''^^g^ we have D = 1 and Aa{p^^\ A(p^^^)^ ~ 
e^^f"^ Pfj,Ai,{p)qpA„{q) . We see indeed that taking D -\-2 — derivatives with respect to the external 



^^When considering fermions coupled to gravity, things are more complicated. The fermion-fermion-graviton inter- 
action is etjj'y^to^''^ab'4' and since the relation between and the vielbein involves one space-time derivative, the 
vertex correspondmg to this fermion-fermion-graviton interaction contains one factor of momentum. This momentum, 
however, is the "external" graviton momentum and we conclude that its presence does not change the power counting 
argument for the fermion loops. 
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momenta (at fixed A{p) and A{q)) annihilates the anomaly. It follows in general from (6.2) that 
the anomaly Aa{p^^\ A{p^'^'>)^ must be a polynomial of degree D + 1 in the external momenta. We 
conclude : 

The anomaly is a local functional of the gauge fields. 



6.2 Relevant and irrelevant anomalies 

The anomaly, being a loop-effect, is of higher order in the coupling constant: for example, for a 
simple gauge group with a single coupling constant, the one-loop 3-point vertex function ^loop'^p-y 
and thus also the anomaly are of order g"^. (In our conventions each Lie algebra generator t^ in- 
cludes a coupling constant g and hence -D^g^ ~ g^'). As compared with the tree-level 3-point vertex 
function which is ^ g, this is higher order by a factor g^. Now in any quantum field theory we are 
allowed to add to the classical action terms of higher-order in g, because classically they are "in- 
visible". Such terms are often generically called counterterms. Of course, this is exactly what one 
does in the renormalization program to cancel any divergences arising in the loops. However, we 
only allow to add local counterterms to the action. Suppose now one adds to the classical action 
5ci = / d^x (-|F^^F"^^ + £„iattcr[^, V',^]) a local counterterm AT which is a 3-gauge field coupling: 



5cl 



-^ci + ^ 1 d'pd'q ^KTri-P - Q,P, <lW,{-P - <i)K{p)A^M) , (6.3) 



where AF g''' must be a polynomial in p and q. At order g^, such a term has the effect of modifying 
the 3-point vertex function according to 

^ a/37 a/97J new " «/37 + a/97 " ^^-^f 

The question then is whether this [r^^^^]^^^ is still anomalous or whether one can find a AF such 
that (p^ -|- q^) [F^o^'] = 0. If one can find such a counterterm AF, one can just use the new 

new g_pjgj.g 

classical action according to (6.3) and then there is no anomaly any more (at least to order g'^). An 
anomaly that can be cancelled by the addition of a local counterterm to the classical action is called 
irrelevant, while an anomaly that cannot be cancelled by such an addition is called a relevant anomaly. 

It is easy to see that the above triangle anomaly for chiral fermions is a relevant anomaly.^^ Indeed, 
in order to cancel it by the addition of a local counterterm one would need to satisfy 

-i(p, + q,)AT^J,{-p - q,p, g) [_^.^^^ - ^^e^P^'^p.q^D^^^ = Q . (6.5) 
Since AF|j^^^^ must be polynomial in p and q, this equation then shows that it must be linear in p and 

q- 

^K7yik:P: q) . = e'^''^'^ {uk, + hpa + cq,)D^s, ■ (6-6) 



a/37 

e— piece 



^^By an argument very similar to the one above, one can show that the divergent terms arising from loop integrals 

are always local and hence can indeed be cancelled by local counterterms. 
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Obviously, the same reasoning holds for the abelian anomaly. 
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Obviously, there are choices of a,b and c that could satisfy (6.5), since it only requires c — h— 
However, as is clear from (6.3),Ar[^^^^(/c,p, g) must be completely symmetric under permutations of 
{k, II, a), (p, ly, (3) and {q, p, 7). This is often referred to as the Bose symmetry of the n-point functions. 
Since already is completely symmetric and e^'^''"' ia completely antisymmetric, one finds b — —a, 
c — —a and c = —b, i.e. a — b — c — 0, and we conclude that there is no completely Bose symmetric 
local Ar^^^(A;,p, q) that can satisfy (6.5). Thus, there is no way to cancel the triangle anomaly under 
non-abelian gauge transformation for chiral fermions by adding a local counterterm, and the anomaly 
is indeed relevant. 

As discussed at length when we derived the anomalous Ward identities from the anomalous 

Slavnov- Taylor identities, the non- vanishing of (p^ + g^)Ar^^^(— p — q,p, q) translates the cur- 

e—piece 

rent non-conservation which in turn is (minus) the anomaly which equals the variation of the effective 
action. We can then restate the definition of relevant anomalies as follows: 



The anomaly is relevant J e"{x)Aa{x) ^ 5^F with F a Zoca/ functional . 



(6.7) 



Obviously, if such a local F exists, we can add the counterterm —F to -S'ci and get 5^ [VF[A]]new — 
J €°'{x)Aa{x) — S^F — 0, i.e. the anomaly is cancelled by the addition of this local counterterm, i.e. 
is irrelevant. Otherwise, it is clearly relevant. 

6.3 Finiteness of the anomaly 

Let us now explain why the anomaly necessarily had to be finite and also show that this is true more 
generally. We already know that, since F^^^^ has a degree of divergence 1, the anomalous part of 
(P/i + ?/i)ra^^(— P — q,P, q) must be a polynomial of degree 2 at most in p and q: 

(P, + Q,)KZ(-P - Q) = KtPxQa + F^^PxPa + G:f;q,q. + Kf^p^ + Klf^q^ + L^^^^ , 

anom part 

(6.8) 

where the E, F, G, H, K and L must be constant Lorentz tensors, independent of the momenta. But 
there are no such 3-index Lorentz tensors, so that H — K — 0. Furthermore, the anomaly is due 
to the presence of 75 (otherwise we could use gauge invariant dimensional regularization and there 
would be no anomaly) and. hence, the anomalous terms must be proportional to the e-tensor. Hence, 
although the tensor structures ~ Fpp, Gqq, L are present in the non-anomalous parts, they cannot 
appear in the anomalous part. Thus only E^Jj^^pxqc- can be present on the right hand side of (6.8). 
While E^J'p" cannot depend on the momenta, it could, a priori depend on the Pauli-Villars regulator 
mass^® M (or equivalently on a UV cutoff A). Now, r^^'^(— p — g,p, q) has scaling dimension 1 (there 
are 3 fermion propagators each of scaling dimension —1 and one loop integration of scaling dimension 
+4, but the same result is obtained from considering j d^pd'^gr^^^^(— p — g,p,g)A^(— p — g)A(^(p)A^(g) 

y(3'yK-F - ^^'^^ o^cLiiiig, Liimension 2. This shows that E^^f^ 



in general), and hence (p^ + 9^)r(^^^!,(— p — g,p, q) has scaling dimension 2. This shows that E^J!^^ has 



Although we introduced 3 regulator fields to conveniently compute the non-anomalous parts, one regulator mass 
would have been sufficient. 
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scaling dimension 0, and since it does not depend on the momenta, it cannot depend on the regulator 
mass M (or UV cutoff A) either. This shows that the anomalous part is necessarily finite. 

This argument generalizes to arbitrary even dimensions d — 2r. In any even dimension (and only 
in even dimensions) one can define a chirality matrix 72r+i that anticommutes with all matrices 7^, 
II — 0, . . .2r — 1. One can then again have massless fermions that are chiral, i.e. either left-handed or 
right-handed. For the same reasons as in four dimensions, there is no gauge invariant regularization 
for chiral fermions and anomalies may occur. On the other hand, for non-chiral fermions one may 
use dimensional regularization which is manifestly gauge invariant. Hence the anomalies can again be 
traced to the presence of the chirality matrix 72r+i in the computations of the vertex functions. In 
2r dimensions the Dirac traces involving 72^+1 will lead to an e/^i- •'^2'-, and again the anomalous part 
of (Sj=iP*^'''')^ra^i Sj^=iP'''^^p''^^ • ^ must involve this e^^^^^^^'^ tensor. Since this e-tensor 

is completely antisymmetric in all its 2r indices, to get a non-vanishing expression we need at least r 
indices Uj and r different momenta. Hence the minimal value for A; is r. It follows that in 2r dimensions 
the anomaly first manifests itself in the (r -|- l)-point function ^^'pi % anomalous part is 

{rj=Mi^y^::l ( - EUp^^p^'\ ■ ■ -p^^O , = ^ . . dj,^...,^ , (6.9) 

\ / \ / anomalous 

where the D^^^ must be the trace of a completely symmetrized product of the generators tatp^ ■ ■ - tpr 
and, a priori, C could depend on any Lorentz scalar. Thus in 6 dimensions the anomaly may first 
show up in a square diagram, in 8 dimensions in a pentagon diagram, in 10 dimensions in a hexagon 
diagram, etc. Now, in 2r dimensions an r -|- 1 point one-loop diagram with only fermion propagators 
has a degree of divergence D — 2r — {r + 1) — r — 1, and by the above argument, taking D + 2 = r + 1 
derivatives with respect to the external momenta of the left-hand side of (6.9) must give a vanishing 
result. Hence the l.h.s. of (6.9) must be a polynomial of at most degree r, and we see that the C on 
the right-hand side must be a constant not depending on the momenta. Since the scaling dimension 
of the l.h.s. of (6.9) is 1 + (2r) — (r + 1) = r, it follows that C has scaling dimension and, again, 
since it does not depend on any momentum it cannot depend on the regulator mass, resp. UV cutoff 
A either. Hence C is a finite numerical constant. Similarly, the (r -|- /)-point functions with / = 2, . . . r 
also have anomalous parts that are finite. We conclude: 



In any dimension d = 2r, the anomaly is finite. It first shows up in the divergence of the (r -|- 1)- 
point vertex function whose anomalous part is given by (6.9) with a finite numerical constant C. 



^^Indeed, an (r + Z)-point function has scaling dimension and degree of divergence equal to D = 2r — {r + I) = r — I, 

showing that ^p|/''r^'^i - ''''+'-i lanomaious has scaling dimension r — I + 1 and is a polynomial of order r — I + 1. This is 
necessarily a sum of terms of the form Cj^^,,,j^_^_^^e'^^—''^+'-^'^^--'^^-'+^Pai^ . . .par-i+l^ times the trace of the generators. 
The coefficients C'ji,...jV-!+i then again have scaling dimension and are independent of the momenta and thus also of 
the regulator masses or UV cutoff. 
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7 Relevant fermion representations and cancellation of ano- 
malies 



If a global symmetry is anomalous it only implies that classical selection rules are not obeyed in the 
quantum theory and classically forbidden processes may actually occur. An example of this type of 
situation is the abelian anomaly which breaks the symmetry under the global chiral transformation 
of massless fermions. 

On the other hand, the occurrence of an anomaly for a local (gauge) symmetry makes the gauge 
theory inconsistent. Indeed, once one has done the functional integral over the fermions, the starting 
point for quantizing the gauge fields is the "effective classical" action —\f d^x F^^^F"'^'^ + 
Gauge invariance of this effective action is necessary for unitarity, as can be seen e.g. by using the 
gauge invariance for going to the manifestly unitary axial gauge, or else by performing the Faddeev- 
Popov quantization and having the ghosts cancel the non-physical polarizations. In the presence of an 
anomaly, and hence the "effective classical" action is no longer gauge invariant and unitarity 

is violated. 

We have seen that such anomalies of a non-abelian gauge symmetry generically are present if the 
matter includes chiral fermions. Chiral fermions seem to be very common in nature, and certainly are 
a main ingredient of the standard model. The consistency of the latter requires that the contributions 
to the anomaly of the different chiral fermions present in the model cancel each other. 

In this section, we will mostly concentrate on the chiral anomaly under (non-abelian) gauge trans- 
formations and discuss which representations TZ of which gauge groups have non-vanishing I?^^ 
symbols and how left- and right-handed particles and antiparticles contribute to the anomaly. Then 
we consider exphcitly one generation of the standard model with gauge group SU{3) x SU{2) x U{1) 
and show that all anomalies cancel. 

7.1 Left-handed particles versus right-handed anti-particles 

First, recall that chiral fermions cannot have a Dirac mass term. We will discuss mass terms of the 
form (5.24), resp. (5.25) at the end of the next subsection and show that whenever a field carries 
a representation such that such a mass term is allowed, this field cannot contribute to the anomaly. 
Hence, only massless fermions contribute to the anomaly. 

Let us stress that the different fermion fields contribute additively to the anomaly. Indeed, the 
anomaly was determined from the fermion one-loop triangle diagram, and it is clear that the different 
fermion contributions add up. We have already seen that right-handed fermions contribute with an 
opposite sign, but otherwise the contribution is universal (there is no fermion mass that could make 
a difference), except for the group theoretical factor 

^^p-y — ^^n-tatiptj) = tr-R, t(^atf3tj) = StVutatptj . (7.1) 
r r TZ^ 

Each left-handed fermion ijjf' in some representation TZf contributes a D^^^ and each right-handed 
Similarly, for the abelian anomaly, the chiral transformations are symmetries only for massless fermions. 
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fermion in a representation TZf contributes a — -D^^^ . Adding up these individual contributions, we 
get for the total anomaly (cf. (5.46) and (5.47)) 



3 

2^'"^'"^'^ (^'^^^^ - ^^^') ( E - E ^S) ■ (7-2) 



Of course, we could just group together all left-handed fermions into one large (reducible) repre- 
sentation TZ^ — ®iTZf and all right-handed fermions into another representation TZ^ — ®jTZf, so 
that 

Y.D%-, = Y. = ^Ttftf = , (7.3) 

i i 

and similarly for the right-handed representations. Only chiral fermions contribute to the anomaly, 
but formally we could also include non-chiral fermions in the sums in (7.2), since a non-chiral fermion 
is equivalent to a left-handed plus a right-handed fermion, both in the same representation: 7?.^ = TZ^ 
so that their contributions cancel in (7.2) 

When summing over all fermion species one clearly should not include particles and antiparticle 
separately since both arc described by the same fermion field ijj or equivalently the charge conjugate 
ip'^. If the particle is left-handed, its antiparticle is right-handed and vice versa. But one might as 
well have considered the right-handed antiparticle as the particle. The question then arises whether 
the contribution to the anomaly is that of a left-handed particle or a right-handed (anti)particle. As 
we will now show, it does not matter. 

Suppose '4> describes a left-handed particle in some representation TZl with generators = i^^. 
Its antiparticle is then described by the charge conjugate field ^'"^ = i^^C'^* , where C is the charge 
conjugation matrix. It satisfies 

C{Yr = -YC , C^l^i.C. (7.4) 

and hence since 75 = 75 also C75 = 75C. (Note that to show the last relation (7.4) one needs to 
reorder the 7^,7^,7^,7^ contained in 75 resulting in a sign (— )3+2+i — xhis is specific to 4 mod 
4 dimensions. In 2 mod 4 dimensions instead one would have gotten an extra minus sign.) It follows 
that 

l^V = l^il^'Cr = -il^'l^Cr = -i7°C(75V')* = if 75V' = ±V' , (7.5) 

so that tf)'^ correctly describes a right-handed antiparticle if -0 decribes a left-handed particle, and vice 
versa. (This is true in 4 mod 4 dimensions, while in 2 mod 4 dimensions the above-mentioned extra 
minus sign implies that particles and antiparticles have the same chirality.) 

Now if transforms in the representation TZl, this means = i€°'t^^ip. Then St/j* — — ie"(ij^)*'0* 
= —ie°'{t'^^Y'4>* where we used t* — since our generators are hermitean. It follows that 

Sip^ = i-f^CiSipy = -ie"{t^^f{i-f^Cij*) = -ie^'it^^fij'' . (7.6) 
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But, by definition, the right-handed transforms in a representation TZr with generators t^^ ac- 
cording to 

5^1^" = ie'^t^^i^" . (7.7) 

Comparing both equations, we identify 

e = -(e)^ ■ (7.8) 

Then, if we consider the contribution to the anomaly of the fermion field associated to the left- 
handed particle it contains D^^^ = sir t^^t^^t!^^ . If instead we consider the contribution to the 
anomaly of the fermion field associated with the right-handed antiparticle it contains an extra minus 
sign due to the opposite chirality and the instead of the D^^^: 

= str{t^HjH^^f = strt^HjH^^ = D^^^ , (7.9) 

which is exactly the same as for the left-handed particle. We conclude that, in four dimensions, it does 
not matter whether we use the field t/j oi a, left-handed particle or the field ■^"^ of the corresponding 
right-handed antiparticle: we get the same contribution to the anomaly. In particular, for right-handed 
particles we may instead consider the left-handed antiparticles, so that we may treat all fermions as 
left-handed. 

The previous argument holds in 4 mod 4 dimensions. Indeed, if d = 2r and r is even, the relevant 
trace is ^^^^ = strT^i^j . . . ia,.+i- Then just as in (7.9) one finds 

-DZ..a.+, = -Dll.a^^, = , in 4 mod 4 dimensions , (7.10) 

since wc get one minus sign due to the opposite chirality and r + 1 minus signs from = —{f^^Y- 
In 2 mod 4 dimensions however, wc have seen that particles and antiparticles have the same 
chirality. If the particle is in a representation TZ with generators t^, it is still true that the antiparticle 
which is described by the charge conjugate field is in a representation TZ'^ with generators = —{t^)'^- 
On the other hand, in = 2r dimensions with r odd, the ^^^^ symbol involves a symmetrized 
trace of an even number of generators, so that we now get 

DZ..a.+i = ' in 2 mod 4 dimensions . (7.11) 

Since particles and antiparticles have the same chirality, this shows again that it docs not matter 
which one one uses to compute the contribution to the anomaly. In particular, in 2 mod 8 dimensions 
one can have Majorana-Weyl spinors, i.e. fermions that are chiral and obey ip'^ = ip so that they are 
their own antiparticles, consistent with (7.11). In this case however, in order not to over-count the 
contribution to the anomaly as if the particle were distinct from its antiparticle, one has to include a 
factor I in the coefficient of the anomaly. 
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7.2 Which gauge groups and which representations lead to anomahes? 

In this subsection (except for a remark at the end) we will be specifically dealing with four dimensions 
again. The question of whether or not there is an anomaly then boils down to the question whether 
D^j^^ is non-vanishing. Thus we must study for which gauge groups and which representations TZ we 
have D^^^ ^ 0. 

It is useful to introduce a few definitions. 

• Two representations TZi and TZ2 are equivalent if there exists a fixed matrix S such that t^^ — 
St'^^S-^ for all a. 

• For any representation TZ, the complex conjugate representation TZ is the one with generators t^ 
such that it^ = {it^)*, so that the corresponding representations of the group are indeed the 
complex conjugate ones: e*^ *« = . Since our generators are hermitean we find 

t^--{t^r--{t^f ■ (7.12) 

• A representation TZ that is equivalent to its complex conjugate representation TZ satisfies 

it^f = -St^S-'. (7.13) 

Such a representation is called real if by some (fixed) similarity transformation the t^ can be 
made imaginary and antisymmetric (in which case it satisfies (7.13) with S = 1), and is called 
pseudoreal if not. In any case for a real or pseudoreal representation TZ we have (7.13). 

For a real or pseudoreal representation TZ we have 

D^^M - ^trt^tjtl^ = sir {t^ntjnt^f = -sir St^S-^StJS-'St^S-' = str t^tjt^ = -D%^ . 

(7.14) 

Hence^^ 

D^p^ = for a real or pseudoreal representation TZ . (7-15) 

Obviously then: 



If a group G has only real or pseudoreal representations, its -D^^^ all vanish and there 
cannot be any anomalies (in four dimensions) for a gauge theory with such a gauge group G. 



This simplifies things a lot since: 

• All SO{2n + 1), n>l (including SU(2) ~ SO{3)), SO(An), n > 2, USp(2n), n > 3, as well 
as the exceptional groups G2, F4, E-j and only have real or pseudoreal representations and 
hence have Da/37 ~ 0- "^^^ same is true for any direct product of these groups. 



^^The relevant quantity for the anomalies in 2r dimensions is -Dj^ For even r, i.e. in 4 mod 4 dimensions, the 

same argument implies the vanishing of this D-symbol for real or pseudoreal representations. However, for odd r, i.e. 
in 2 mod 4 dimensions, this argument does not imply the vanishing of the Z?-symbol. 
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• The groups SO {An + 2), n > 1 and Eq also have Dap'y — for all their representations, even 
though they do admit representations that are neither real nor pseudoreal. 

• Only SU{n), n > 3 and U{1) or product groups involving these factors have representations 
with D^^^ + 0. 

This means that if the gauge group is Gi x G2 x . . . x G^, with each Gi being a simple or U (1) factor, 
then at least one of the Gi must be SU{ri), n > 3 or C/(l) in order that there are representations of 
the product group with non- vanishing D^^^. 

In general, ta can be a generator of a simple or U{1) factor called G, of a factor called G' and 
of a factor called G" . The anomalies corresponding to these different possibihties are referred to 
as G — G' — G" anomalies. They are probed by computing the triangle diagram that would couple to 
one G gauge boson, one G' gauge boson and one G" gauge boson, see Fig. 5. 

G' 




Figure 5: The triangle diagram coupling to gauge bosons of the gauge groups G, G' and G". 



If we denote by Gs a simple Lie algebra (so that for any of its generators ta one has trt^ = 0), then 
we have the following possibilities 

• U{1) - U{1) - U{1): Here D^p^ ^trttt^ j:,qf. 

• U{1) — Gs — Gs'- Any representation TZ of the product group U{1) x Gg decomposes into a sum 
TZ = where, of course, all states within each (irreducible) representation TZj of Gg 
have the same U{1) charge qj. Thus we have (cf. (4.34)) 

j j 

where g is the gauge coupling constant for the gauge group Gg. It follows that the corresponding 
anomaly can occur for any simple Gs if the corresponding fermions in the representation TZj have 
a non- vanishing C/(l)-charge qj. 

• U{1) — Gg — G'g or Gs — Gg — G'^ for Gg 7^ G'^. Here the trace factorizes into a tvtp and a tvt^ 
which both vanish, hence -Da/37 ~ ^■ 

• Gg-Gg- Gg-. Here D^p^ 7^ only for G, = SU{n), n > 3. 
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Figure 6: The triangle diagram responsible for the mixed C/(l)-gravitational anomaly. 

Note that for the purpose of studying gravitational anomalies one may probe for anomalies under lo- 
cal Lorentz transformations, which can be considered as 5*0(3, 1), resp. 5*0(4) gauge transformations. 
This will be explained in more detail in section 11. At present, we already see from our discussion above 
that there arc no purely gravitational anomalies (i.e. no 5*0(4) — 5*0(4) — 5*0(4) anomalies) in 4 dimen- 
sions. However, in the presence of a U{1) factor in the gauge group there are U{1) — 50(4) — 50(4) 
anomalies, also called mixed f/(l)-gravitational anomalies. They correspond to a triangle diagram 
with fermions coupling to one U{1) gauge field and to two gravitons, as shown in Fig. 6, i.e. to the 
time-ordered expectation value of the U{1) current j'* and two energy-momentum tensors Tp^ and 
Txk- Since all particles couple universally to gravity, the relevant D-symbol, trtt^^'^h^^^^ ~ ^^stri 
is simply the sum of all U{1) charges with the appropriate multiplicities. Just as for the gauge anoma- 
lies, this anomaly must cancel in order to consistently couple gravity to matter charged under the 
C/(l). Of course, as noted above, in d — 2 mod 4 dimensions the relevant D-symbol with only SO{d) 
generators does not have to vanish and there can also be pure gravitational anomalies. 

Finally, let us show that only massless particles can contribute to the anomaly. First of all, a 
massive particle with a standard Dirac mass term necessarily is non-chiral, i.e. ip — ipL + i^R- 

(Indeed, as we have seen in sect. 5.2.1, in m'?/'^ only the terms mipL'il)R-\-mil)RipL are non- vanishing and 
one cannot write a Dirac mass term with only a chiral field.) Such a non-chiral field cannot contribute 
to the anomaly. However, we have also seen in sect. 5.2.1 that, for a single chiral field ipL^ one can 
nevertheless write a "Majorana" mass term of the form i^Li^l +1^11^1 (cf. (5.24) or equivalently (5.25)). 
The important point is that such a mass term is not always compatible with the gauge invariance (or 
any global symmetry one wants to impose). Indeed, as discussed in the previous subsection, under a 
transformation dipL = ie"t'^^ we have dipl = ~ie"(t^^)'^ilj1 since our generators are hermitian so that 



There can be no cancellations between the first terms and the second terms on the r.h.s. because the 
first only involves the components of ^2 and the second only the components of ipL- Thus both terms 
must vanish separately and we conclude that 




(tj^)*. Also recall that S^pL = -ie'^ipLt^^. It follows that 



(7.17) 



(7.18) 
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i.e. the representation must be real. But we have seen above that real representations have vanishing 
Da/37 '^^ contribute to the anomaly. It is not difficult to extend this argument to the more 
general mass terms involving several chiral fields and a symmetric mass matrix m^s as in (5.26). 
Then if TZr is the representation carried by one finds that whenever the matrix element m^s is 
non- vanishing, the representation TZr is equivalent to the representation TZg (i.e. —{t^"')^ — St^'S~^) 
so that, again, the anomaly either vanishes (if r = s) or cancels between the two representations (if 
r 7^ s). 

There is one more point to be discussed before we can conclude that only massless fermions can 
contribute to the anomaly: even though we have shown that the relevant D-symbols for massive 
fermions always vanish, we still must show that for a chiral particle with a "Majorana" mass, the 
anomaly again is given by some expression times the relevant I?-symbol. Looking back out our Feyn- 
man diagram triangle computation, it is clear that even if we use appropriate massive propagators for 
the fermions (we actually did for the Pauli-Villars regulator fields), the 3 vertices still each contribute 
a generator yielding a tiT^ tat^t^ for one of the two Feynman diagrams and a tYji tat^tp for the other. 
Any anomalous part must be accompanied by an e^^^^ contracted with the only available momenta 
Px and q„. Bose symmetry then requires that the second diagram equals the first one with {p,i>,f3) 
and {q,p,'j) exchanged, resulting indeed in a factor tiTitat^pt^) = -D^^. 

These arguments straightforwardly generalize to d — 2r = A mod 4 dimensions, since in these 
dimensions ipl is again right-handed and we can write the same "Majorana" mass term (5.24), find 
again that the representation TZl must be real and hence that ^^^^ ~ 0. On the other hand, for 
d — 2r — 2 mod 4 dimensions, ipi is still left-handed and V'lV'l vanishes, just as does ipL'ipL, so that 
chiral fermions can have neither Dirac nor Majorana masses is 2 mod 4 dimensions. Thus we conclude 
in general: 

Only massless particles can contribute to the anomaly. 

This is very fortunate since it allows us to study the question of anomalies in theories describing the 
known elementary particles without the need to know which heavy particles might be discovered at 
some very high energy. 

7.3 Anomaly cancellation in the standard model 

Here the gauge group is SU{3) x SU{2) xU{l) and from the above discussion, a priori, we can have 
anomalies for 

• SUii) X SU{i) X 5f/(3), 

• SUiZ) X 5f/(3) X f/(l), 

• SU{2) X SU{2) X [/(I), 

• U{1) X U{1) X C/(l), 

• mixed C/(l)-gravitational. 

We must know which representations appear. Since each generation of quarks and leptons repeat the 
same representations it is enough to look at the first generation. There are the left-handed neutrino 
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and left-handed electron which form a doublet of SU (2), denoted ^ j , as well as the right-handed 

electron which is an SU(2) singlet. According to our previous discussion, wc can equivalcntly 
consider the left-handed positron (e^)"^ ~ (c'^)l- Similalry, there is the left-handed quark doublet 

of SU{2) and the right-handed SU{2) singlets ur and (Ir which we describe as left-handed 

singlets {urY and {duY. Of course, the quarks are in a 3 of SU (3) and hence {urY and {urY are in 
a 3. The table summarizes all the left-handed particles/antiparticles. 





SU{3) repres. 


SU (2) repres. 


U{1) hypercharge 


/ \ 


1 


2 


1 

2 


{euY 


1 


1 


-1 


(:). 


3 


2 


1 
6 


{urY 


3 


1 


2 
3 


(dnY 


3 


1 


1 
3 



Table 1: All the left-handed particles/antiparticles of one generation in the standard model 



7.3.1 Unbroken phase 

Of course, most of these particles are actually massive due to their interactions with the scalar (Higgs) 
field that acquires a vacuum expectation value and is responsible for the electro-weak symmetry 
breaking. We will discuss this issue below. For the time being, we assume that the couplings of the 
fermions to the scalar field are taken to vanish^° so that the fermions indeed are massless.'^^ 

Let us now work out the contributions to the Dafs-y for the different anomalies. We will denote the 
gauge coupling constants of SU{3), SU{2) and U{1) by gs, g and g' respectively. We get: 

^*'ln the standard model these couphngs all are independent parameters which one must adjust to fit the experimentally 
observed fermion masses. From the theoretical point of view, it is perfectly consistent to set these couplings to zero. 

^^More physically, at energies well above the electro-weak symmetry breaking scale ^ gv (where g is the SU(2) 
coupling constant and v the scalar field expectation value) the theory is in the "unbroken phase" and the fermions can 
indeed be considered as massless. 
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• SU{3) X SU{3) X SU{3) : The total (reducible) 5*^7(3) representations that occurs is (in the 
order of the table) R— (l + l) + l + (3 + 3) + 3 + 3 which is real, since 3 is the complex conjugate 
of 3. Hence -Dj^^ = 0, and there is no SU{3) x SU{3) x 5'C/(3)-anomaly in the standard model. 
Of course, the generators for the trivial representation 1 simply vanish, and only the quarks 
(and antiquarks) contribute. The relevant representation then is R — (3 + 3) + 3 + 3 and we 
reach the same conclusion. 

• SU{3) X SU{3) X f/(l) : As just mentioned, only the quarks and antiquarks contribute. If we 
call t the U{1) hypercharge generator and ta the 5*^7(3) generators we have 

trt'^tft^ = 2xtrtlt'px{-^g') + trtltlx(^g') + trtltlx{-^g') 

= gsg'CsSaf,(^2x{-^) + '^-^^ ^0 , (7.19) 

where we used = C3. 

• SU{2) X SU{2) X U{1) : Here only the SU{2) doublets can contribute, and calling ta now the 
SU{2) generators, we get 

trt^tft^= trt^t2x(i^')+3xtrt2t2x(_i^') =^^'C'25a/3Q + 3x (-^)^ =0. (7.20) 

• U{1) X U{1) X U{1) : 

trtVt''^2x{lgf + {-gf + 3x2x{-lgf + 3x{lgf + 3x{-lgf = Q. (7.21) 

• mixed C/(l)-gravitational anomahes : We have seen that they are proportional to the sum of all 
U{1) charges: 

tri^ = 2x ^^' + (V) + 3x2x (-^^')+3x (^^')+3x (-^^') = ■ (7-22) 

Thus all possible anomalies cancel for every generation of the standard model. If in one generation a 
quark (or any other particle) were missing, one would get non- vanishing anomalies (not for SU (3) x 
SU{3) X SU{3), but for the three other combinations). 

7.3.2 Broken phase 

Let us now discuss the issue that the fermions are actually not massless but get masses due to their 

couplings to the scalar field. This scalar field = ^^o^ is an SU{2) doublet and has a potential such 

that it develops a vacuum expectation value, which one can take as (0"'") = 0, (0") = v, spontaneously 
breaking the SU (2) x U (1) symmetry to a single U (1) which corresponds to the electromagnetic gauge 
symmetry. Its generator iem is a combination of the original ^3 and the hypercharge namely 

te^^-h--,t, (7.23) 
9 9' 



53 



where — e < is the electric charge of an electron. Specifically, the interaction of the neutrino and 
electron fields with the scalar is 



C-eH = -9e ^ (^^0 j en + h.c. (7.24) 

There are similar terms for the interactions of the quarks with the scalar field but with different and 
independent coupling constants. We may well assume that we keep these coupling constants zero for 
the time being and only switch on the interaction C^v^ with a non- vanishing g^. Inserting the vacuum 
expectation value for this gives 



-{gev) eLen + h.c. , (7.25) 



which is just a standard Dirac mass term for a non-chiral electron, the (chiral) neutrino remaining 
massless. Of course, such a term is not compatible with the original SU (3) x SU (2) x U (1) symmetry 
and with the representations as given in the above table. However, from a low-energy perspective, 
the symmetry is broken to the "low-energy gauge group" SU{3) x t/(l)em and the mass term (7.25) 
clearly is compatible with this symmetry. Let us then check that there are no anomalies with respect 
to this SU{3) X [/(l)cm- The electron being massive, it does not contribute to the anomaly any more. 
(Indeed, ei and (e^)'^ are SU{3) singlets and have opposite electric charge, so that their contributions 
to tr tatf^tcui or trtcm^cm^cm always cancel.) The left-handed neutrino is an SU{3) singlet and has zero 
electric charge so it does not contribute to any anomaly either. Finally, for the quarks, Ul and Ur the 
electric charges are obtained using the relation (7.23) and the hypercharge values of t/g' given in the 
table. One finds that ul and ur have tem = § e and and dji have tem = ~| Of course, {urY has 
tern = ~i 6 a,nd {dnY has tem = I Then one finds for their contributions to the different anomalies: 

• SU(3) X SU{3) X SU{3) : The representation is (3 3) 3 3 which is real, and there is no 
anomaly. 

• SU(3) X SU{3) X f/(l) : We have trt^tftf^ = trt^^s ^ (2 _ i)e + triftf x ( - | + |)e = 
e gs C3 Saf^d ~ I ~ i + I) = 0) where we used again C3 = C3. 

. U{1) X U{1) X U{1) : Here simply trtf^tfjf^ = ((|)^ +(-!)'+(-§)'+ (I)') = 0. 

Thus, again, all anomalies cancel. Actually, this should have been obvious since ul and {urY together 
form a real representation of SU (3) x U (l)em, and similarly for dz and {djiY. This also shows that one 
can add different (Dirac) mass terms for the u and d quarks, as are indeed generated by the coupling 
to the scalar vacuum expectation value. 
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Part II : 

Gauge and gravitational anomalies 
in arbitrary dimensions 

Having completed our rather detailed study of anomalies in four-dimensional (non-abelian) gauge 
theories, we now turn to various more formal developments. On the one hand, we will develop the tools 
to characterize and compute relevant gauge anomalies in arbitrary (even) dimensions and, on the other 
hand, we will extend this formalism to also include gravitational anomalies in a generally covariant 
theory. Such gravitational anomalies can be viewed either as anomalies of the diffeomorphisms or as 
anomalies of local Lorentz transformations. This will allow us in the end to study some prominent 
examples of cancellation of gauge and gravitational anomalies in ten dimensions. 

8 Some formal developments: differential forms and charac- 
teristic classes in arbitrary even dimensions 

We have seen that the chiral anomaly for a left-handed, i.e. positive chirality fermion in four dimensions 
is given by (cf eq. (5.44)) 

Aa{x) = -D^) = -^e'^'-^'^trnt^d^A^d.A, + 0{A') , (8.1) 

or equivalently by 

S,r[A] = J d'xe''{x)Aa{x) = J d'xe''''P''tTned^A,d,A, + 0{A^) , (8.2) 

with e = e"t^. From now on, we will use the more common symbol r[^] for the effective action 
As noted in section 5.2, the 0{A^)-teTms could have been determined from a square diagram 
computation, but we will get them below from the powerful consistency conditions. 

The appearance of e'^'^^'^ in (8.1) and (8.2) is characteristic of differential forms. It will indeed 
prove very useful to reformulate these expressions in terms of differential forms. So far we have been 
working in flat space-time, but the use of differential forms will allow us to extend most results to 
curved space-time in a straightforward way. Indeed, differential forms arc naturally defined on a 
curved manifold without the need of using the metric explicitly. For completeness, and also to fix our 
normalizations, we will briefly review some basic notions about differential forms. The reader familiar 
with these notions can safely skip the first subsection 8.1. 
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8.1 Differential forms in arbitrary dimensions, exterior derivative and de 
Rham cohomology 

Consider a rf-dimensional space-time which may be a curved manifold. One introduces the symbols 
dx'^ and a wedge product dx^ A da;'" = —dx^ A dx^. One then has e.g. 

dx" A dx" Adx"^- dx" A dx" Adx" ^ + dx" A dx" A dx" . (8.3) 

Such a wedge product is clearly completely antisymmetric in all indices. A general p-form is a 
sum 

&^ = ^U-i^,dx^'^A...Adx'^^ , (8.4) 

where the coefficients are completely antisymmetric tensors of degree p. Obviously, due to the anti- 
symmetry, in d dimensions the maximal degree of a form is p — d. The wedge product of a p-form 
^^"^ with a g-form ^^^^ is then defined in an obvious way: 

& A C^''^ = A ^ Cmi-./^p C.i...., dx'^i A ... A dx''" A dx"' A.-.Adx'"' 
pi ql 

= ^ ^[,....,,U..u,]dx^' A . . . A dx^% (8.5) 

and yields ap+q form. It follows from the above properties that this wedge product is anticommutative 
if p and q are both odd and commutative otherwise (provided the coefficients ^^^...^^^ and Cui..Mq are 
c-numbcrs.) Note that one does not always explicitly write the symbol A since the product of two 
differential forms is always meant to be the wedge product unless otherwise stated. 

It is important to note that under coordinate transformation, the coefficients ^^j...^^ of a p-form 
transform as a covariant (antisymmetric) tensor, while the dx'^^ A ... A dx^p obviously transform as 
a contravariant (antisymmetric) tensor. It follows that the p-form ^^^^ transforms as a scalar. This is 
one of the reasons why it is very convenient to deal with differential forms. 

The exterior derivative d = dx^^d^ acts on a p-form as 

dC^^) = dx^'d, Cmi-Mp dx'^^ A ... A dx''-) = ^ ai^CMi.../..] dx'^ A dx''' A ... A dx^- 

= 7^;^ 0,.^,,...,,, + ■ ■ \ <^x^ A dx^- A...Adx^^ = C^+'^ . 

p + 1 terms (8.6) 

Hence if = d^^^^ then the coefficients of = CMi-zip+id^^""^ A ... A dx'^f+i arc given by 

C;iM2 - Mp + ■■■)■ A most important property of the exterior derivative is its 

^ V ' 

p+ltcrms 

nilpotency, i.e. d^ = 0. Indeed, 

dde^P) ^ ^ dx'* A dx"' A ... A dx"^^ = ^ d^pd^i,,...,^]dxP A dx>' A dx""^ A . . . Adx"^ ^ Q , 

(8.7) 

since dpd^ - d^dp = 0. 
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A p-form ^^P^ is called closed if d^^^^ = 0. It is called exact if there exists a (globally well-defined) 
(p— l)-form u;^~^^ such that ^^^^ — du;^~^\ In many cases such a u;^p~^^ may exist only locally but be 
not globally well-defined. Since d^ = it follows that every exact form is also closed. The converse, 
however, is not true in general. 

de Rham cohomology : one is interested in determining the closed p-forms modulo exact ones: The 
so-called de Rham cohomology group if^^^ is the set of all closed p-forms ^^^^ modulo exact ones, i.e. 
the set of all ^^^^ such that d^^^^ = 0, subject to the equivalence relation 

some (p — l)-form . (8-8) 

Obviously, H^p^ is a vector space and its dimension is called the p*^ Betti number bp. Actually, the 
H^^ depend crucially on the topology of the manifold one is considering and the bp are called the Betti 
numbers of the manifold. 

Let us look at an example which should be familiar from classical electrodynamics. Let space (or 
space-time) be R^. The exterior derivative of a scalar 4> is d4> — d^(f)d.x^ which is just a gradient. If 
A — Afj^dx'^ is a one-form, then 

dA=]^{d^A,-d,A^)dx^'dx^ = F with F^, = d^A, - d,A^ . (8.9) 

If ^4 = d0 is exact ("pure gauge") then d^ = imphes that A is closed, i.e. F — dA — 0. Conversely, 
if F = dA = 0, A is closed and we then usually conclude that A is pure gauge: A — d(t) for some 0, 
i.e. A is exact. This conclusion indeed holds in which is topologically trivial so that every closed 
p-form is exact (for p— 1, 2, 3, 4). 

B 




Figure 7: An infinite solenoid creates a magnetic field confined to the interior of the solenoid. 

Consider now another example from classical electrodynamics which involves a topologically non- 
trivial space. Wc look at a static situation (so that we can neglect time and effectively have a 
3-dimensional space only). The components of the magnetic field then are = F23, B"^ = F31 
and B^ = F12. Take as our manifold the space outside an infinitely long solenoid: 
A4 = R'^\{a cylinder around the ^-axis}. Physically, a current in the solenoid produces a magnetic 
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field confined to the interior of the solenoid so that everywhere in A4 the magnetic field vanishes: 
F — dA — and A is closed. However, we cannot conclude that this implies that A is exact, i.e. 
A — d(f) with a well-defined (i.e. single-valued) scalar field (f). Indeed, we know by Stoke's theorem 
that for any closed curve C the integral A equals the fiux of the magnetic field through the surface 
spanned by C. If we take C to surround once the solenoid, this fiux is non-vanishing. On the other 
hand if we had A — d(l) then we would get, again by Stokes theorem, f^A — f^d(f) — 0, in contradic- 
tion with the above. It is easy to see what happens. If the modulus of the magnetic field produced 
by the solenoid is called H, in cyhndrical coordinates {z, p, (p) the gauge field is A — ^d(p. This is 
well-defined everywhere in A1. Of course, dy? is ill-defined on the z-axis, but this is not part of our 
manifold Ai. One sees that we correctly have F = dA = everywhere in Ai. However, A is not 
exact: although formally A = d (^(^) the expression in the brackets is not a well-defined 0-form since 
(f is not single- valued on Ai. 

Integration of differential forms : Note that on a rf-dimensional manifold dx^^ A . . . da;'*'' is com- 
pletely antisymmetric in all d indices and hence proportional to the "flat" e-tensor Z normalized as 
_ Hence we have 

dx^"' A... dx^^ = e'^i-'^'^ dx^ A... dx'^-'^ = e'^i-'*'^ d'^x . (8.10) 

On a curved manifold, the true e-tensor and the pseudo-tensor ? are related by 

e,,...,, = e,,...,, , e'^i.-z^.^-Le'^-'^'' (8.11) 

where, of course, g stands for detg^^. Then (8.10) is rewritten as 

dx"' A... dx'''' = e"'-^" d'^x . (8.12) 
It follows that for any d-form one has 

e^'^ = ^ U..,A^'' ■ ■ ■ dx>^^ = i d'x . (8.13) 

Since ^nj^...^^e^^-'^'' is a scalar and d'^'x the volume element, it is clear that we can directly 

integrate any d form over the d-dimensional manifold or over any d-dimensional submanifold. (Note 
that the original definition of the differential form ^("^^ does not involve the metric, only our rewriting 
(8.13) does.) Similarly, any p-form with p < d can be directly integrated over any p-dimensional 
submanifold S(py. 

I (8.14) 

is a well-defined scalar, i.e. invariant under changes of the coordinates used. Stokes's theorem then 
can be written as 

dC(^-^) = / C^^-'^ , (8.15) 
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where dS(j,) is the (p — 1) -dimensional manifold which is the boundary of the manifold S(j,). Consider 
again the example of electrodynamics with F — dA in 4 dimensions. Then F A F is a 4-form and we 
have 

F A F = ^F^,Fp,dx''dx''dx''dx'' = ^e""'"' F^,Fp, d\ , (8.16) 

an expression familiar from our abelian anomaly computations. (Of course, no \/—g appeared there 
since we worked in fiat space-time.) 

Hodge dual : For any p-iorm one defines the Hodge dual *^^^\ which is a {d — p)-form, as 

= ^^,,...,,*(dx>^'...dx^^) , 

*{dx^^ . . . dx^^) = e'^-^^ dx'^^^^ . . . dx'^'^ 

Clearly, to define the Hodge dual one needs the metric. Note that *(*^(p)) = -(-)p('^-p)^(p). Since the 
Hodge dual is a (d — p)-form, A*^^^^ is a ci-form and, as we have seen above, must be proportional 
to the volume form ^/—gd'^x. Indeed, using (8.13) and (8.17) it is straightforward to find 

^(P) A = 1^^-^.^^^ ^^^d'^^ , (8.18) 

where, of course, ^'^i - '^p — gr'^i'^i . . ■ g'^^^^ivi...vp- This can be used to rewrite the kinetic term in an 
action involving antisymmetric tensors using the corresponding differential forms, e.g. 

j d'^x ^g F^-F^, = -1 y F A *F . (8.19) 

8.2 Non-abelian gauge fields as diff'erential forms and the gauge bundle 

In a (non-abelian) gauge theory one defines the gauge connection one-form and field strength two-form 
as 

A^A^dx^^A^tAx^ , F = ^F^.dx'^dx'' = ^F^'.t.dxMx'^ . (8.20) 

These one- forms are matrix- valued. It follows that such one- forms no longer simply anticommute with 
each other. Instead one has e.g. 

A^ = AnA^ A^AAx^dx"" = \{A^,A^ - A^A^)dx^dx'' = \\A^,, A^Xdx^'dx'' . (8.21) 
This allows us to write the non-abelian field strength as 

F = ]^F^Ax^dx^ = \ {d^A, - d,A^ - t[A^, A,]) dx^dx" ^ dA - %A^ . (8.22) 
Gauge transformations are now written as 

bA = de- i{A, e] , 5^ = ie^ , (8.23) 
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where it is understood, as usual, that e = e°'ta and the ta are in the appropriate representation. One 
also defines a covariant exterior derivative as 



D = dx^Df, = d - . (8.24) 

It is convenient to absorb the i's appearing all over the place by a redefinition of the generators, 
gauge connection and field strength as follows. We let Ta — —it a- The Tq, now are antihermitian 
generators, = —Ta satisfying [Ta,Tp] = C\pT^ (with the same real structure constants as before). 
If we also let A° = — and define (as before) = A'^ta we have = —iA^ta — A'^Ta so that 
A = A^dx" = A'^Tadxi^ = -iA. Furthermore, we let F = -iF so that F = dA + A^, without 
the i, indeed. Similarly one redefines the infinitesimal parameters of the gauge transformations as 
V = v°'ta — —ie°'ta — e'^Ta — —ie so that the gauge transformations now read 5%l) — —vip and 
SA — dv + [A, v]. Finally, the covariant derivative becomes D = d + A. Let us summarize 



A^-iA , F = -iF , F^dA + A^ , D = d + A 

V = —ie , Sip = —vip , SA — dv + [A, v] . 



(8.25) 



As before (cf. the corresponding discussion in section 2), if the A in the covariant derivative acts on a 
p-form field in the adjoint representation like e.g. F, this action can be rewritten as a commutator (if 
p is even) or anticommutator (if p is odd) . Thus the Bianchi identity for F can be simply written as 

DF = dF + AF-FA = . (8.26) 

Let us now show how to rewrite the anomaly obtained above using the language of differential 
forms. Just as we obtained (8.16), we have 



dAdA = d^A^dpA^dx^'dx'^dxPdx'' = d^A^dpA^e^'^^'^y^ d'^x . (8.27) 

Again, in fiat space-time the is not needed, and this is why it did not appear when we computed 
the anomaly. We then rewrite the anomaly for a left-handed (positive chirality) fermion (8.2) as 

S,T[A] = J d^'x^e'^Aa = -^Jd^x^e''e>'''^''trntad^A,dpA, + 0{A') 

^ ^tine dAdA + 0{A^) = / trT^ v dAdA + 0{A^) . 



247r2 J ■ V / 247r2 _ 

(8.28) 

This is clearly a convenient and compact notation. 

Whenever the space-time manifold is topologically non-trivial one must cover it by a (finite) number 
of coordinate patches Ui, each diffeomorphic to an open subset of R'^ (see Fig. 8). Then to define 
a vector or tensor field, one defines it on each patch separately, together with appropriate transition 
rules on the overlaps Ui D Uj. As noted above, a p-form should transform as a scalar, i.e. it has trivial 
transition functions. Consider now an abelian gauge theory. The field strength is a 2-form F(j) defined 
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Figure 8: Coordinate patches on some manifold (left) and the two standard patches S+ and on 
the two-sphere that overlap on the equator ribbon (right). 

on each patch Ui and we must have F(j) = F(j) on the overlaps Ui fl Uj. However, this does not imply 
that the gauge connections should also be related in this simple way. Indeed, we can only require 
that A(j) be related to A(j) on the overlap by a gauge transformation. More generally, in a non-abelian 
gauge theory we allow the A(i) and A(j) to be related by a (finite) gauge transformation 

Aw = 9^\^U) + d)gij F(,) = 9^'fu)9ij on [/, n Uj . (8.29) 

These transition rules define the gauge bundle. The gauge group-valued Qij are called the transition 
functions. They encode the topological information contained in the gauge bundle. 




Figure 9: A sketch of the two patches t/+ and U- on with a little ball around the origin deleted. 

As an example, consider again a C/(l) gauge theory and restrict to static configurations so that 
the problem becomes 3-dimensional. Let the manifold he M. — {r < ro}, i.e. ordinary space with 
a (little) ball of radius ro around the origin excised. One introduces two coordinate patches U± as 
sketched in Fig. 9, corresponding to the upper half and lower half space: 

C/+ = {{r,9,ip), r>ro, < ^ < | + 5} 

[/_ = {{r,9,if), r>ro, '^-S<e<7r} . (8.30) 
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Their overlap is 

C/+nC/_ = {(r,^,^), r>ro, |-5<^<| + 5}, (8.31) 

which is not simply connected. On this manifold Ai one can construct the following U{1) gauge 
bundle, called the monopole bundle for reasons that will be clear soon. On U± one defines^^ 

onU+ : A+ — 7(1 — cos 6')d</7 ^ — j sin 9d9d(p , 

on [/_ : A_ = ^{-l-cose)d(p F_ = 7 sin . (8.32) 

Note that dip is well-defined everywhere except on the 2;-axis, i.e. ^ = or ^ = tt. Now, C/+ contains 
the half-line ^ = 0, but 1 — cos 9 vanishes there. Similarly, [/_ contains the half-line 9 = tt, but here 
— 1 — cos^^ vanishes. This also shows why we need to use two diferent and A^, since extending 
e.g. A_^_ to all of A4 would result in a string-like singularity along the half-line 9 = tt. (This is 
precisely the Dirac string singularity which appears in the older treatments of the magnetic monopole 
configuration.) Thus wc have two perfectly well-defined, non-singular gauge connections A± yielding 
the same field strength F = = F_ in the overlap f/+ fl However, me must still make sure that 
on the overlap ^4+ and A_ are related by a gauge transformation. For ^7(1) this requires 

i g~\ d^+_ ^A+-A_^ 2-fdip on C/+ n C/_ , (8.33) 

with solution 

g+- = exp (-2i7(^) on U+DU^ . (8.34) 
This is a well-defined, single- valued function on C/+ fl C/_ only if 

7=^ , keZ. (8.35) 

Of course, this is due to the first homotopy group of U+ fl U- being Z. To see the physical meaning 
of this solution one computes the flux of the magnetic field through any two-sphere in A4 centered 
at r = 0. Using our differential forms, this fiux is given by J^j F. Comparing Figures 8 and 9 we see 
that one can separate into an upper a half-sphere 5"+ contained in C/+ and a lower half sphere 
contained in C/_. (With respect to Fig. 8 we now take the overlap of S+ and S- to be just the equator 
circle.) Then we compute 

/ F= [ F++ [ F_^^ f sm9d9d(p^^An^2nk . (8.36) 
Js^ Js+ Js- 2 J5.2 2 

By definition, this fiux equals the magnetic charge contained inside the sphere. Since F-^ = dA± 
everywhere in U± this magnetic charge cannot be located in Ai and, of course, it is interpreted as a 
magnetic monopole at the origin r = 0. The remarkable fact is that from purely topological reasoning 
one finds that this magnetic charge is quantized since A; e Z. It is useful to compute J^2 F again in 



■^^For [/(I) theories it is more convenient to continue to use the real gauge fields A and F rather than the imaginary 
A and F. 
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a different way, using Stoke's tfieorem and tfie fact that the boundaries of and both are the 
same circle, but with an opposite orientation. We have 



This way of proceeding has the advantage to show that the value of this integral only depends on 
A^ — A_ on the overlap, which is entirely given in terms of the transition function of the gauge bundle. 
In particular, if the transition function is trivial, so that = A_ = A can be globally defined, we 



Another interesting well-known example is related to instantons in (Euclidean) R^: Of course, 
is not compact, and in order to get configurations with finite action one requires that far away from 
the origin the gauge connection A asymptotes to a pure gauge. This can be reformulated by using two 
patches, C/< containing all points within a certain large radius, and C/> containing all points outside 
this radius. In C/< we then keep A< — A a& our gauge connection. However in C/> we use a gauge 
transformed A^ which is such that it vanishes everywhere at infinity. This is possible precisely because 
the original A was pure gauge at infinity. Since A^ vanishes everywhere at infinity, we can effectively 
replace the non-compact C/> by a compact C/>. As a result, we now have a compact manifold, which 
topologically is S'^. The price to pay is to have two different gauge-connections A^ and A< that are 
related by a gauge transformation on the overlap. The overlap is topologically an and these gauge 
transformations thus are maps from into the gauge group. Such maps are classified by vr^(G) which 
equals Z for any simple G. This shows that instantons (or more precisely the instanton bundles) are 
classified by an integer. 

8.3 Characteristic classes, Chern-Simons forms and descent equations 
8.3.1 Chciracteristic classes 

We have just seen some simple examples of characteristic classes. More generally we have: 
• A characteristic class P is a local form on the compact manifold^^ M. that is constructed from 
the curvature or field strength F and is such that its integral over the manifold (or a submanifold) is 
sensitive to non-trivial topology, i.e. to non-trivial transition functions only. 

The latter property is due to the fact that P is closed but not exact. As discussed above, a closed 
form is locally exact, but need not be globally exact. Indeed, on every topologically trivial patch C/j, 
dP(i) = implies the existence of a Q{i) such that P{i) — <\Q{i). Each is well defined on its C/j, 
but there is no guarantee that the different can be patched together to yield a globally defined 
Q. We have seen this very explicitly for the monopole bundle with P — F and Q± — A±. Just as 
in this example, consider computing the integral P. We may reduce the C/j to C/j C Ui such that 

^^We will assume that the manifold (or the relevant submanifold) is compact, or else that the behaviour of the 
fi(^lds "at infinity" is such that we can effectively treat the manifold as compact, as we did in our above discussion of 

instantons. 




(8.37) 



have F = dA globally. Obviously then F is exact and F = 0. 
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M. — UiUi and the {d — l)-dimensional boundary of Ui is just the sum of those intersections Ui n Uj 
that are non-empty, cf. Fig. 10: 

dUi ^J^UiriUj, (8.38) 







'l 1 







U4 



U3 

Figure 10: The overlaps of the d-dimensional Ui are {d — l)-dimensional. 
It follows that the integral of P over the manifold A4 is given by 

/ ^ = E ( ^« = E L = E ^« = E(±) L ^ - ^0)) ' (8.39) 

where the last equality arises because each overlap Ui fl Uj arises twice in the sum, as the boundary 
of Ui with Uj, and as the boundary of Uj with Ui. The ± depend on the precise conventions adopted 
for the orientations of the Ui fl Uj. In any case, eq. (8.39) shows that the integral of the closed form P 
over the manifold M. only depends on the transition functions between the and the on the 
overlaps Ui fl Uj. 

We are interested in the case where P is a (gauge) invariant polynomial of F, i.e. P{g~^fg) — -P(F) 
for any g & G. In practice, we will consider 

Pm{F) = tr F"* = tr FA. . . AF . (8.40) 

m times 

In fact, any invariant polynomial can be constructed from sums of products of these Pm's- Then 

• Pjn is closed. 

• Integrals of Pm are topologically invariant, i.e. they are invariant under deformations of the A 
that preserve the transition functions and they depend only on the latter. 

Let us first show that Pm is closed. Recall the Bianchi identity (8.26) which states dF = FA — AF. 
Furthermore, cychcity of the trace imphes tr {'^^'^C''^'* = {—ytr(^'^^^^P^ for any matrix- valued p and q 
forms ^(P) and C^^^- It follows that 

dP^ = dtrF'" = mtr(dF)F™-^ = mtr(FA-AF)F"*-^ = . (8.41) 

To show that the integral of Pm is invariant under deformations of the A that preserve the transition 
functions, consider two gauge connections Ai and Aq with the same transition functions. Let Fi and 
Fo be the corresponding field strengths. We want to show that 

Pm{fi) - Pm{fo) = dR , (8.42) 
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with some globally defined (2m — l)-form R. Since the manifold is assumed to be compact it then 
follows from Stokes's theorem that 



/ Pm{fi)- [ Pm{f2)^ f dR^O. (8.43) 
Jm Jm Jm 

To show (8.42) we let 

^t = ^o + t{ki - Ao) , Ft = dAi + kl , t e [0, 1] . (8.44) 

Then 

= d(Ai-Ao) + (Ai-Ao)Ao + Ao(Ai-Ao) + 2t(Ai-Ao)' 
= d(Ai-Ao) + (Ai-Ao)At + At(Ai-Ao) 

= Dt(Ai - Ao) , (8.45) 

where Dj stands for the covariant exterior derivative that involves the gauge connection A^. Note in 
particular the Bianchi identity for F^ is Dt^t = 0. It follows that 

f) r?F 

-P^(FO = m tr ^Fr ' = m tr (D,(Ai - Ao)) Fr ' = m D,tr (A^ - Ao)Fr ' ■ (8.46) 

Under a gauge transformation, both Ai and Aq transform inhomogeneously, but their difference trans- 
forms covariantly, just as docs the field strength F^. Then tr (Ai — Ao)F™~^ is invariant under gauge 
transformations, and the covariant derivative of an invariant quantity is just the ordinary derivative. 
Thus we arrive at 

Q-Pmi^t) = m dtr (Ai - Ao)Fr' • (8.47) 

Now the important point is that Ai and Ao have the same transition functions on overlapping patches, 
cf. (8.29), so that the inhomogeneous terms drop out and A^*^ — Aq-* = gl^{I^^P — f\Q^)gij, just as 
Ff*^ = 9ij^^t'^9ij- It follows that tr (Ai — Ao)F™^^ has transition functions equal to 1 and is globally 
defined. Integrating (8.47) with respect to t from to 1 we get (8.42) with a globally defined^^ 



R = m [ (ittr(Ai - Ao)F 
Jo 



m—l 
t 



(8.48) 



and we conclude that (8.43) indeed holds, i.e. 

/ Pm{fl) = / Pm(Fo) , (8.49) 

Jm Jm 
and the Pm{^) are characteristic classes. 
^^We write J dt{. . .) rather than J dt{. . .) to emphasize that dt is not a 1-form. 
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8.3.2 Chern-Simons forms 

Since the Pm{^) are closed 2m-forms they must be locally exact, i.e. 

Pm{^) = d(52m-i(A(i), F(i)) locally on each Ui . (8.50) 

The previous computation precisely shows how to obtain suitable (2m — l)-forms Q2m-i{^{i),^{i))- 
Indeed, we have shown that 

Pm(Fi) = P^(Fo) + d(m^'(iUr(Ai - Ao)Fr-^) (8.51) 

for every Ai with the same transition functions as Aq. Locally, within each patch Ui, there is no issue 
of transition functions and we can simply take Aq = and Ai = A (which is meant to be the A on the 
patch Ui, i.e. A(i)) so that Fq = and Fi = F, as well as A^ = tA and ft — tdA + t^P^. We then get 
(8.50) with 

(32m-i(A,F) = m f dt tiAF'p-^ = m [ dt ti A {tdA + fA^)""'^ 
Jo Jo 

/ \ "I— 1 

- m dtt"'-HTA(F + {t-l)A^) . (8.52) 



Q2m-i{A, F) is called the Chern-Simon (2m— l)-form. Of course, the defining relations (8.50) determine 
the Q2m-i only up to adding some exact form. It is nevertheless customary to call Chern-Simons forms 
the expressions given by (8.52). Let us explicitly compute the Chern-Simons 3- and 5-forms and check 
that their exterior derivatives indeed yield the characteristic classes P2 and P3. We have 



Qs = 2 [ dttrA (MA + t^A^) = tr (AdA + ^A=^) = tr (AF - \a^) 
Jo 3 3 

Qs = 3 dttrA {tdA + t^A^f = tr (AdAdA + ^AMA + ^A^) 



(8.53) 



= tr (AF^ - ^A^F + ^A^) . (8.54) 

Let us first check that dQs — P2- First note that 

trA^'^^O, (8.55) 

since, using the anticommutation of odd forms, as well as the cychcity of the trace, trAA^'^""^ = 
-tr A^'^-^A. Similarly, tr AdAA = -trdAA^ etc. It follows that 

dQ3 = tr (^dAdA + ^dAA^ - ^AdAA + ^AMa) = tr (^dAdA + 2dAA2) = tr F^ . (8.56) 

Next, we check that dQs = P3 (here we need to use tr AdAAdA = 0): 

dQs = tr f dAdAdA + ^A^dAdA - ^AdAAdA + ^dAA^A + 5 x ?AMa) 

V 2 2 2 5 / 

= tr (^{dAf + 3A2(dA)2 + 3AMa) = tr F^ . (8.57) 
Finally, note from (8.52) that our normahzation of the Chern-Simons forms always is such that 

Q2m-l{^ F) = tr AF'"-^ + . . . = tr A(dA)"*-i + . . . , (8.58) 
where -|- . . . stands for terms with less factors of F or less derivatives. 
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8.3.3 Descent equations 

Contrary to the characteristic classes P^, the Chern-Simons forms Q2m-i are not gauge invariant. 
However, one can use the invariance of the to characterize the gauge variation SQ2m-i of the 
Chern-Simons form Q2m-i as follows: 

d S Q2m-1 = S d Qsm-l = S Pm{f) = , (8.59) 

since taking the gauge variation (S) obviously commutes with taking the exterior derivative (d). We see 
that (on each patch Ui where it is wcll-dcfincd) the gauge variation of Q2m-i is a closed (2m — l)-form. 
Hence, it is locally exact, and on each patch Ui we have 

5 (52m-i(A(i), F(j)) = d(52m-2(^> F(j)) on each Ui . (8.60) 

Note that this applies to infinitesimal gauge transformations with parameter v. For finite gauge 
transformations with some g{x) E G one has a more complicated relation. Indeed, if we let (on Ui) 
A^i) = 5'~^(A(i) + d)g, one can show that 

Q2m-l(Aj), FJ)) - Q2m-l{A{i), = Q2m-l{g-'dg, 0) + d(. . .) , (8.61) 

where e.g. Jg2m-i Q2m-i{g~^dg,0) ~ Js^m-i tr ((7~^d(7)^™ ""^ computes the number of times (? : S'^"^~^ 
G maps the basic sphere 5*^"^"^ to a (topological) sphere in G, i.e. it computes the homotopy class of 
g in Il2m-i{G). In particular, for every compact, connected simple Lie group G one has H3(G) = Z, 
and also Il2m-i{SU{n)) — Z for all n > m > 2. For an infinitesimal transformation, the homotopy 
class of g is trivial and Q2m-i{9~^dg, 0) is exact, so that (8.61) is compatible with (8.60). 

Let us again work out the examples of m = 2 and m — 3. Recall that SA — dv + [A, v] and 
5f = [F,^;]. It follows that 5F*^ = [f^v] and 

SA^ = dvA^-^ + AdvA^-^ + ... A^-^dv + [A', v] , (8.62) 

so that 

(^trA'F'^ = tr (^dT;A'-^ + AdT;A'-2 + . ..A^-^dv^f'' , (8.63) 
smce tr[A'F^^;] = 0. Exphcitly, we find 

5Q3 = 5tT (aF - ^A^) = tr (d^;F - dvA^) = trdvdA , (8.64) 

(note that the terms ~ trdvA^ have cancelled !) and we conclude that SQs — dQl with 

g^=trvdA, (8.65) 

modulo some exact form. We could e.g. add a term ~ dtrvA to Ql, resulting in the presence of a 
term involving dv. It is customary to fix this ambiguity in such a way that Q2m-\ involves v and 
not dv. Similarly, for Q\ we get 

= 5ii (aF^ - Ja^F + -^A^) = tr UvV'^ - \dv (A^F + AFA + FA^) + JdwA^) . (8.66) 

\ ^ ±.\j / \ / 
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Again, the terms ~ trdvA^ cancel as they indeed must in order that we can write SQ^ as d(. . .). The 
remaining terms are 

5Q5 = tr d^; (dAdA + ^ (dAA^ - AdAA + A^dA)) = tr d^; (dAdA + ^dA^) , (8.67) 
and we conclude 

Ql = tri;d(AdA+ ^A=^) , (8.68) 

(again up to an exact term). 

As is clear from (8.63), when computing SQ2m-i all commutator terms cancel and SQ2m-i is linear 
in dv, so that we may write 

SQ2m-l{^ F) = g2m-i(A + d^;, F) - g2m-i(A, F) . (8.69) 

Hence dQ\^_2 must be linear in dv (and not contain v without derivative) and thus Q2m-2 must be 
of the general form (52m-2 — trT;d( . . . ) (up to exact terms), which we observed indeed for Q\ and 
Q\. One can actually prove the general formula 



QL-2(^,A,F)=m(m-l) di(l - i) tr ^d(AFr') ■ 

^0 



(8.70) 



Clearly, for m = 2 and m = 3 this reproduces eqs (8.65) and (8.68). Note also that the normalization 
is always such that 

gL-2KA,F)= tr^;(dA)— 1 + ...= tr^;F— 1 + , (8.71) 

where + . . . stands for terms with less factors of F or with less derivatives. We will sometimes use 
instead ^ 

gL-2(e,Ai^) = m(m-l) / di(l-i)tred(AFr-')=z-gL-2(^,A,F), (8.72) 

which is related to trF"* = i"*trF"* = i"*P^(F) by descent. Of course, its normalization is such that 
g2m-2(e,^,^) = tre(dA)'"-i + ... = treF^^-^ + . . .. 

We will derive one more relation for g2m-2('^) A, F) that will be useful later-on. As we have just 
seen, we can write g2^_2(t'. A, F) = tr i>dg'2m-2(A, F) with some ?2m-2(A, F). Then eq. (8.69) yields 
g2m-i(A + dv, F) - g2m-i(A, F) = dg2^_2('i;. A, F) = tr d'i;dg2m-2(A, F). Both sides of this equation 
are linear va. dv = v and one concludes g2m-i(A + F) — g2m-i(A, F) = trv d52m-2(A, F). But we 
have just seen that this is Q\jri-2^^ A, F). Hence 

g2m-i(A + F) - g2m-i(A, F) = gL-2(^, A, F) . (8.73) 

This is an algebraic identity which holds whether v — dv or not. 

We already noted that the Q\m-2 only defined modulo an exact form. They are actually also 
defined modulo addition of the gauge variation of some (2m — 2)-form: recall that the g2m-i were only 

defined up to g2m-l ^ g2m-l + da2m-2- Then 5g2m-l ^ ^Q2m-1 + 5da2m-2 = 5Q2m-l + d5a2m-2, 



68 



so that Q2rn-2 ~^ Q\m-2 + ^^2m-2- Thus altogether the ambiguity in determining Q\^_2 is Q\. 
Q2m-2 + <^«2m-2 + d/32m-3- Let US Summarize: 



characteristic classes : dP^ — 5 Pm — ^ ■, 
descent equations : Pm — dQ2m-i , ^ Q2m-i — <iQ2m-2 locally on each [/j 

<52m-2 - <52m-2 + Sa2m-2 + d/32m-3 ■ 



We will show below that the non-abelian gauge anomaly in d — 2k dimensions is given by c Ql^ 
(i.e. m — k + 1) where c is some appropriate normalization constant. More precisely, we will show 
that 6r — cj Q\^. Clearly, the freedom to add to Q\^. an exact term d/32fe-i does not change 5V. On 
the other hand, we have also seen that we are allowed to add to F a local, possibly non gauge invariant 
counterterm c J a^k- This amounts to adding 5a2k to Q\j^. Thus the ambiguity in the definition of 
Q\j^ = Q\„^_2 has an exact counterpart in the definition of the non-abelian gauge anomaly. On the 
other hand, the characteristic class or invariant polynomial Pm is defined without ambiguity: different 
equivalent Q2m-2 correspond to the same Pm- This will imply that different equivalent forms of the 
anomaly in 2k dimensions can be characterized invariantly by one and the same Pk+i which is a 
{d + 2) -form in o? -|- 2 dimensions. 

9 Wess-Zumino consistency condition, BRST cohomology 
and descent equations 

In this section, we will study and constrain the form of any anomaly under infinitesimal (non-abelian) 
gauge transformations in arbitrary even dimensions d = 2r. (Recall that in odd dimensions there are 
no chiral fermions that could lead to an anomaly under infinitesimal gauge transformations.) This 
will lead to the Wess-Zumino consistency conditions which are most simply expressed using a BRST 
formalism. The solutions to these consistency conditions naturally are given in terms of the Q\^{v, A, F) 
studied in the previous section and which are related via the descent equations to the characteristic 
classes tr F''^^. In particular, this will fix all terms of higher order in A, once the coefficient of the 
leading term tri>(dA)'' is known. 

To establish these results, we will consider certain local functionals of the gauge and possibly 
ghost fields. In this section, in order to be able to freely integrate by parts, we will assume that either 
(i) the 2r-dimensional space-time manifold M. is compact and the gauge fields are globally defined 
(i.e. have trivial transition functions gij between different patches Ui and Uj) or (ii) the gauge fields 
have non-trivial transition functions g^j between different patches but the parameters e"(x), resp. the 
ghost fields uj'^{x) are non- vanishing only on a single patch f/j^ or (iii) the space-time manifold is 
topologically R^** with globally defined gauge fields and e"(a;), resp a;"(x) vanish sufficiently quickly 
as — >• oo. In any case, we then have 

/ dtru;(...) = , (9.1) 

JM 
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with (...) any (2r — 1) form made from the gauge fields and their derivatives. 



9.1 Wess-Zumino consistency condition 

Recall that we defined the anomaly Aa as the gauge variation of the effective action (for the gauge 
fields, obtained after doing the functional integral over the matter fields): 



(9.2) 



The fact that the anomaly Aa is a certain derivative of some functional constrains its form (just like 
any gradient of a scalar field is constraint to have vanishing curl, i.e. ^ = d/ is constraint by d^ = 
or in components d^^„ — du^n = 0.) This constraint for the anomaly is known as the Wess-Zumino 
consistency condition. Historically, different definitions of the anomaly were used (cf our remark at 
the end of sect. 4.2). An anomaly that satisfied the Wess-Zumino consistency condition was called 
consistent anomaly. With our definition (9.2) of the anomaly, this condition is automatically satisfied. 
To derive the consistency condition, define the operator 

so that 

Aa{x) = Ga{x)r[A] . (9.4) 

Let us compute the algebra satisfied by the Qa- First note that sa^{x) W'J^Jyj o^^i^^^^y 
commute. One then finds 



[Qa{x),gf3{y)] = 



8 5 ^ .s, . S 8 5 ^ . 5 



- {-L'^'^^ - ^0 4m + c..,4(.)c,,.^(^)(. - ,)^ 

-c.,. (I^^^^n- - ^)) ^fc) - ^Mc...^^'\^ -y^mx)- ^'-'^ 

To safely evaluate the two terms involving space-time derivatives of 5^^^(x — y) we multiply them with 
two test functions 



/d^.d*. (c,„. (A,(.)(, - .)) ^ - c„,, ( - .)) ^ 



8 



8x1^ 5Al{x) 

= J d^xd'y ^-ix)i^^ix) (^-Cap,5('\x - 1/)^^) ■ (9.6) 

Again, if necessary may assume that these test functions have support on a single patch so that we can safely 
integrate by parts. 
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The two other terms in (9.5) are easily combined using the Jacobi identity. The final result then is 

[Qa{x),g,{y)] = 5^'\x-y)C^,, " ^-^'^^^^'^^M^) = ^^"\^-y)Cap,Q,{x) , (9.7) 

or, if we let Ta{x) — iQa{^) '■ 

[%{x),Tp{y)] = iC^p-yS^^\x - y)%{x) , (9.8) 

which is the local version of the gauge algebra. Now apply the identity (9.7) to T[A] and use (9.4) to 
get 

Sa{x)Ap(y) - Gi3{y)Aa{x) = C^fs-yS^^\x - y)A-y{x). (9.9) 

This is the Wess-Zumino consistency condition. It constrains the form of the anomaly. Of course, as 
already mentioned, the full anomaly defined as the variation of the effective action must satisfy this 
condition. In practice, however, one only computes part of the anomaly, e.g. in four dimensions the 
piece bilinear in the gauge fields, and then uses this condition to obtain the missing pieces. Indeed, 
we will show that the consistency condition is strong enough to completely determine the form of the 
anomaly, up to an overall coefficient which cannot (and should not) be fixed by the WZ condition 
which is linear in A. 

9.2 Reformulation in terms of BRST cohomology 

The anomaly Aa{x) is some local functional of the gauge fields and their derivatives. To emphasize this 
we may write Aa{x, A). Then the gauge variation of the effective action is = J d'^x e"{x)Aa{x, A). 
We want to reformulate this as the BRST transformation of the effective action. Recall that on the 
gauge field the BRST operator s acts as sA^ = D^o; which is hke a gauge transformation but with 
the ghost a;"(x) replacing the gauge parameter e"(x). Similarly for any functional F[A] of the gauge 
fields only one has 

sF[A] = J d'x{DMx)rj^f = / d'x u'^ix) {-D,j^^ F ^ J d'x u;'^{x)g^{x) F . 

(9.10) 

Taking F to be the effective action F and comparing with the definition of the anomaly we see that 

sr = y d^x uj'^{x)Aa{x,A) = A[uj,A] . (9.11) 

Since the BRST operation s is nilpotent, = 0, it follows from the previous equation that 

sA[cu,A]=s^r^O . (9.12) 

We now show that the condition ^4] = is precisely equivalent to the Wess-Zumino consistency 

condition. To do so, we need the action of s on the ghost field: so;" = —^Ca/sjCo^u;'^ and the fact that 
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s(a;Ma) = iscu'')Aa - cu'^isAa). We then get 

sA[uj, A] = y d^x (^{suj''{x))A{x, A) - u'^{x) sAa{x, A)^ 

= J d^x (^-^C^f,,u;^{x)u;''{x)A^{x,A)-u;^{x) j d^yu;^{y)gfs{y)A^{x,A)^ 

= J d'xd'y ( - ^u;"{x)uj^{y)) {c^p,6('\x - y)A,{x,A) 

+ Gp{y)Aa{x, A) - ga{x)Ap{y, A)) , (9.13) 

where we used the anticommutation of Lj^{x)u'^{y) to antisymmetrize gi3{y)Aa{x, A) with respect to 
(/?, y) ^ {a,x). We see that the vanishing of s.4[a;, A] for arbitrary ghost fields is equivalent to the 
Wess-Zumino condition (9.9): 

sA[uJ,A] = Wess-Zumino condition . (9.14) 

Thus the anomaly A[uj, A] is a BRST-closed functional of ghost number one. Suppose that we can 
find some local functional F[A] of ghost number zero such that ^[a;, A] = sF[74]. As before, locality 
means that F should be the integral of sums of products of A{x) and its derivatives at the same point 
X. As discussed above, the anomaly is (at least) order g"^ with respect to the classical action, and one 
could add a "countcrtcrm" —F to the classical action, AS = —F, resulting at order in a AF = —F. 
Then s(r + AF) = s(r — F) = A — sF = so that addition of such a counterterm would eliminate the 
anomaly. Recall that a relevant anomaly is one that cannot be eliminated by the addition of a local 
counterterm. Said differently, we are always free to add such local counterterms, and an anomaly is 
only defined as an equivalence class with respect to the equivalence relation 

A[uj, A] ~ A[uj, A] + sF[A] with local F[A] . (9.15) 

Then a relevant anomaly is given by a an A[uj, A] such that s^Afa;, A] = and A[u}, A] ^ sF, i.e. 
^[a;,74] 9^0 : a relevant anomaly is BRST-closed but not BRST-exact. Thus 



Relevant anomalies are given by non-trivial BRST cohomology classes at ghost number one 

on the space of local functionals. 
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9.3 Determining the higher order terms of the anomaly in d = 4 

From our triangle computation in section 5 we know that the contribution to the anomaly of a left- 
handed, i.e. positive chirality fermion in the representation TZ is, cf. (8.28) 

A[uJ,A] = -^J trnujdAdA + 0{A'') = tmw dAdA + O {A') = A[w, A] , (9.16) 

where we used (8.25), as well as an analogous redefinition for the ghost field:^^ 

w^-iu . (9.17) 

Since the components or w"' of the ghost field anticommute among themselves (as well as with all 
other fermionic fields), and since the dx'^ anticommute among themselves, too, it is natural to also 
make the choice that the dx^ anticommute with the ghost fields: 

dx^" w^-w dx^ . (9.18) 

Then in particular [A^, a;]dx'' = —Au — uA = — {^, a;} or [A,w]dx^ — —{A,w}. It follows that the 
BRST transformation of A is sA = sA^dx'* = {d^w + [A^^wfjdx^ — —dw — {A,w}. Of course, this 
subtlety only affects the BRST transformation of forms of odd degree. In summary: 

sA — —dw — {A,w} , sF—[F,w] , sw — —ww . (9.19) 

With these conventions it is easy to see that 

s d = -d s . (9.20) 

It then follows e.g. 

s(dA) = -d(sA) = -d( -dw- {A, w}) = d{A, w} = [dA, w] - [A, dw] , 

sA^ = (sA)A- A(sA) = -dwA + Adw + [A^,w] 

sA^ = {sA^)A + A^{sA) = -dwA^ + AdwA - AMw - {A\ w} 

sA^ = {sA^)A^ + A^{sA^) = -dwA^ + AdwA^ - A^dwA + A^dw + [A^ w] . (9.21) 

Let us now show that imposing s^[c<j, A] = completely determines all 0{A^)-teTms in the anomaly 
(9.16) in terms of the trtodAdA term. First recall from our general arguments in section 6 that the 
anomaly must be a local functional of A and obviously be linear in w. Moreover, the BRST operator 
s changes the scaling dimensions uniformly by one unit, so that all terms in s J trwdAdA have the 
same scaling dimension, namely 5 + 1. They can only be cancelled by terms of the same dimension 
arising from some s J tr-u;(. . .) where (. . .) then must have dimension 4. This allows terms ~ A'^ and 
terms with three A's and one derivative. Also since we know that the anomaly must involve the e'^'^'"^ 



^^The notation ^[w,A] is somewhat inexact. We clearly do not mean it to be the same functional as with 
the arguments co and A replaced by w and A. What we mean is obvious from (9.16): ^[w,A] equals ^[w, A] but we 
indicate that we express everthing in terms of w and A. This is different from the convention adopted for where 
we really had Ql^{v,A, F) = Ql^{-ie, -iA, -iF) = (-i)^+igi^(e, A, F). 
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tensor, we must indeed be able to write these terms as differential 4-forms. Thus the most general 
ansatz is 

A[w, A] = [ trw (dAdA + 61 AMA + 62 AdAA + 63 dAA^ + c A^) . (9.22) 

247r^ J 

First note that, using the fourth equation (9.21), we get 

strwA^ = -trw^A'' - trw(sA^) = -trw^A^ - trw[A^,w] + 0{w,dw) 

= trw'^A^ + 0{w,dw) , (9.23) 

where 0{w,dw) stands for all terms involving w and dw. Observe that in s^[i(;,A] there can be 
no other term ~ trtw^A^ since all other terms involve at least one dA or a dw. We conclude that 
necessarily c = 0. 

Next, a straightforward computation yields 

s tr wAMA = tr (w^AMA + dwwA^ + dwAwA^) + tr (wdwAdA - wAdwdA) , 
s tr wMAA = tr (w^AdAA + wAdwA^ + dwAwA^) + tr {wdwdAA - dwwAdA) , 
strwdAA^ = tr (wMAA^ - wdwA^ + wAdwA^) + tr ( - dwwdAA + wdAdwA) . (9.24) 

For each expression we separated the terms involving one derivative (and 3 A's) from those involving 
two derivatives (and 2 A's). Concentrate first on the terms with only one derivative. No other terms 
involving only one derivative can arise from s tr wdAdA, so that the terms involving only one derivative 
in (9.24) have to cancel each other or add up to an exact form. Obviously, they cannot cancel for any 
choice of &i, &2, ^'3, and we must try to fix the ftj's to get an exact term. Observe that we must get 
exact forms separately for terms with the ordering trwAwA^ (with one derivative somewhere) and 
for terms tr w^A^ (with one derivative somewhere) . It is then easy to see that this requires 

h^-b2 = h = b, (9.25) 

so that the trwAwA^ terms cancel and the trw^A^ terms yield the exact form bdtrw'^A^. Note 
that the values (9.25) of the bi are such that the corresponding three terms in (9.22) combine into 
&trwd(A^). Next, we look at the terms in (9.24) involving two derivatives. Multiplying them with 
the corresponding bi according to (9.25) and adding them up gives 

bti {-wdwdA'^-dwwdA'^-wAdwdA+wdAdwA) = 6tr (-2dwdwA^ + dwAdwA) +dtr ( . . . ) . (9.26) 

Finally, one similarly finds after a slightly lengthy but straightforward computation: 

s tr wdAdA = tr (ui^dAdA — wdwAdA + wAdwdA — wdAdwA + wdAAdw) 

= tr (dwdwA^ - dwAdwA) + d tr ( . . . ) . (9.27) 

Now, dwA is an anticommuting 2-form and we have tr (dwA) (dwA) ~ — tr (dwA)(dwA) = 0. Obvi- 
ously then, if and only if 

b^l, (9.28) 
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the two contributions (9.26) and (9.27) add up to an exact form: 




(9.29) 



and we finally conclude that 




(9.30) 



The important result is that the Wess-Zumino condition determines the anomaly A completely just 
from knowing the piece quadratic in A (up to irrelevant BRST exact terms, of course). 

Comparing with our discussion on characteristic classes and descent equations we see that 



This is not a coincidence as we will now show. 

9.4 Descent equations for anomalies in d = 2r dimensions 

The present discussion will be for a space-time M. having an arbitrary even dimension d — 2r. Then 
the maximal degree of a form is 2r. We will nevertheless need to define forms of degree 2r + 2. This 
can be justified as follows. 

In 2r dimensions the gauge field is given by the one-form A = Yl^iI=o 'i-^'^- Imagine one 

introduces two extra parameters on which the gauge field depends, say 9 and p. We then have a 
family of gauge fields A^{x'^ ,6, p). This is what is done e.g. in the classical paper by Alvarez-Gaume 
and Ginsparg [2] to study the variation of the phase of Det(-^PL) as the parameters 9 and p are 
varied in a certain way. We will discuss this in more detail in the next section. Here, let us only say 
that this construction involves an auxiliary (2r + 2)-dimensional manifold Ai x V (where I) is the 
two-dimensional disk parametrized by p and 9), as well as adding a piece A^dp + Agd^^ to A^dx^ so 
that A becomes a genuine one-form in (2r + 2) dimensions. Similarly, the exterior derivative gets an 
additional piece so that it becomes d = dx^S^ + dpdp + d9de. In any case, we will consider A and F 
to be the gauge field one-form and corresponding field strength two-form on a (2r -|- 2)-dimensional 
manifold (with space-time Ai being a certain 2r-dimensional submanifold). In particular, all previous 
relations now hold in (2r -|- 2) dimensions, e.g. F = dA -|- A^ with the (2r -|- 2)-dimensional exterior 
derivative d. 

Recall from our general arguments that the anomaly must involve the e''^ ' ''^'' and hence can be 
expressed as a 2r-form. More precisely. 



where qlj.{w,A) is a 2r-form of ghost-number one, i.e. linear in w. The Wess-Zumino consistency 
condition for a relevant anomaly immediately generalizes to arbitrary dimensions and can be again 
written as 




(9.31) 




(9.32) 



s A[w, A] = 



(9.33) 
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A convenient way to obtain solutions to this BRST cohomology problem is to use the descent equations, 
as we will now show. Recall that 



Pr+l = tr F''+^ , dPr+l = sPr+l = 

=^ Pr+i = dQ2r+i , sQ2r+i = dQl^ (locally) . (9.34) 
The claim we want to prove is the following: 

• / Q2r{''^T^) ^ representative of the BRST cohomology at ghost number one and thus a solution 
of the Wess-Zumino condition. Moreover, the anomaly must be of the form 

A[w,A]^c J Ql{w,A)+s{...) , (9.35) 

with QIj. being a solution of the descent equations (9.34). If c 7^ the anomaly is relevant. 
Proof: First recall (or simply admit) that at ghost number zero the BRST cohomology consists of 
gauge invariant functionals of the gauge field only.^'' Recall also that there are no gauge invariant 
forms of odd degree and, hence, for odd form degrees the BRST cohomology at ghost number zero 
is empty. Furthermore, for ghost number zero, an even form of the field strength only, like Pr+i is a 
non-trivial representative of the BRST cohomology. Indeed, Pj+i is gauge and hence BRST invariant, 
and it cannot be obtained as s«2r+i (since a2r+i necessarily must contain at least one antighost field 
a;* and scj* ~ which is not present in P^+i)- 

After these prehminaries let us show that s J Qlr = and Ql^. 7^ sa2r- From the descent equation 
sQ2r+i = dQlj. it immediately follows that 

= s{sQ2r+i) = s{dQl,) = -d{sQl,) . (9.36) 

Note that the (2r + 2)-dimcnsional "space-time" may have non-trivial topology and require several 
patches with non-trivial transition functions for the gauge fields. However, according to our general 
discussion at the beginning of this section, the 2r-form which is linear in the ghost fields and 
similarly sQl^. which is bilinear in the ghost fields are assumed to be globally defined. Now the 
topology of the (2r + 2)-dimensional space can be chosen such that every closed 2r-form is exact. 
Then 

sQl = dal_, s [ Ql^ [ dal_, = , (9.37) 

Jm .'m 

where we used (9.1) on M.. Hence is BRST closed. 



^''^Note that a BRST invariant functional of ghost number zero can involve the gauge fields, ri > ghost fields and 
the same number n of antighost fields. The statement is that whenever n > such functionals are BRST exact. 

^^Without proving this statement, let us nevertheless illustrate it. First of all, it is only a statement about 2r-forms, 
not about forms of any other degree. Nevertheless, if M is compact, e.g. S'^'' as is often used in Euclidean signature in 
the connection with instantons, there always is the volume 2r-form on M. which is trivially closed on M. and not exact. 
The statement is that one can add the two extra dimensions in such a way that this no longer holds. As an example, 
consider r = 1 and M = S"^ with volume form V0I2 = sin ^d^dt^. One can add the two extra dimensions such that one 
is just the radial direction with coordinate r and the other is just a copy of R. The resulting 2-1-2 dimensional space 
simply is R"^ x R which clearly dos not have any closed 2-forms that axe not exact. Indeed, sin^d^di^ now is singular 
at r = and no longer is a well-defined 2-form. 
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Let us show that Ql^ ^ sa2r- Suppose on the contrary that Ql^ = sa2r, with being necessarily 
a functional of the gauge fields only. This would imply sQ2r+i = dQl^ — <\sa2r — — sdo;2r-, and thus 
s((52r+i +dQ;2r) = 0. But as recalled above, at ghost number zero the BRST cohomology is trivial for 
odd forms. Moreover, there is no BRST exact odd form of ghost number zero (and not involving the 
antighost or the /i-field) either. Hence (52r-+i + dQ;2r = 0, i.e. Q2r-\-i — — dQ;2r ^ d(52r-+i = 0. But this 
cannot be true since d(52r+i = Pr+i 7^ 0. We conclude that cannot be BRST exact. It remains to 
show that also J Q\j. cannot be BRST exact. Suppose we had J — s J P2r — J sP2r- This would 
imply Qlj. + d'y^^.^i — sj32r for some 72,-1- Now was defined by the descent equations only up to 
adding an exact form, so that — + J^^^ good, and our above argument shows that 

cannot be BRST exact. Hence we cannot have J — ^ I (^^r- This concludes the proof. 

We can rephrase this result as follows: 



In d — 2r dimensions the anomaly is 
A[w,A] = cjQl{w,A) + s{...) . 
It corresponds via the descent equations to cPr+i- 
If and only if c = the anomaly is irrelevant, i.e .Afw, A] = s( . 



•)• 



(9.38) 



The "ambiguity" of adding BRST exact terms to the anomaly corresponds exactly to the possibility 
of adding (non gauge invariant) counterterms to the action. 

The characterization (9.38) of anomalies shows that all relevant anomalies are coded in the P^+i 
together with the corresponding coefficients c which depend on the chiral field content of the theory. 
If S is the set of all chiral fields ipi, one defines the total anomaly polynomial 



2r+2 ) 



(9.39) 



where, obviously, /2r+2 — c{ipi)Pr+i- For the example of a left-handed (i.e. positive chirality) fermion 



in 4 dimensions we had c = and hence 



7-pos.chirality fermion * j. p3 



(9.40) 



We have trF^ = f"f^f^Da/3-y, and this is how the D-symbol arises. In 2r dimensions, we similarly 
have 



tr F 



r+l 



D 



ai...ar+i 



D. 



ai...ar+i 



trt 



(«!••• tar+l) 



(9.41) 
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10 Relation between anomalies and index theorems 



We have already seen in section 3 that the abehan anomaly in four dimensions was related to the 
index of the four-dimensional Dirac operator Ip which was ~ trtFF. On the other hand, we have 
seen in the previous section that the chiral non-abelian anomaly in four (or 2r) dimensions is related 
via descent to trF^ (or trP'"'''^), which in turn is proportional to the index of a six-dimensional (or 
(2r + 2)-dimensional) Dirac operator Ip 

It is the purpose of this section to outline how and why the anomaly in 2r dimensions is given 
by the index of a Dirac operator in two more dimensions. We will mostly follow the classical work 
by Alvarcz-Gaumc and Ginsparg [2]. We will not be able to give too many details or justify all the 
statements. Nevertheless, we will try as much as possible to make them plausible at least. 

We will use Euclidean signature throughout this section. The continuation between Euclidean and 
Minkowski signature is particularly subtle in the context of anomalies and anomaly cancelation due to 
the appearance of the e^i- ''2'--tensor and the necessity to carefully distinguish factors of i from factors 
of —i. 

10.1 Continuation to Euclidian signature 

Let us first discuss the Euclidean continuation in some detail. While the functional integral in the 
Minkowskian contains e*"^^, the Euclidean one contains e^^'^ where the kinetic terms in S'e must be 
non-negative. This imphes the choice 

Sy^^iS^ , x°^-ixl ^ xl^ix^ . (10.1) 

Obviously then, for a lower index we have Oq = id^. However, for a Euclidean manifold Ai^ it is 
natural to index the coordinates from 1 to d, not from to d — 1. One could, of course, simply write 
ix^ = x^ = x^, as is done quite often in the literature. The problem then is for even d = 2r that 
dxg A dx^ A . . . dx^''"^ = — dx^ A . . . dx^^~^ A dx^' and if {x%, . . . x"^^'^^) was a right-handed coordinate 
system then (x^, . . . ) is a left-handed one. This problem is solved by shifting the indices of the 
coordinates as 

= x^^z\ ... , x^-i-z^. (10.2) 

This is equivalent to a specific choice of orientation on the Euclidean manifold /Ae- In particular, we 
impose 

J ^dz^ A...Adz'^ = + J ^d'^z>Q . (10.3) 

Then, of course, for any tensor we similarly shift the indices, e.g. C157 = C^g and C034 = iCf^^, but 
we still have G/j^^p^ Qi^^p<^ — G^j^i^ G^^^^ as usual. In particular, for any p-form 

e = ^ U..;. A ■ ■ ■ A dx^- = i ej^...,.^ dz^^ A ... A d> = e , (10.4) 
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The present discussion is similar to the one in [12], but not all of our present conventions are the same as there. 
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and ioT p — d we have 

/ e = / e. (10.5) 

J Mm J Me 

Since anomalies are given by such integrals of d-forms, it is most important to know the exact sign in 
this relation. Finally, note that the Minkowski relation (8.12) becomes 

dx"' A... dx^'' = e"'-"'' d^x with 



J-9 

^ dz^^ A ... A dz^^ = + e^-^-" ^d'^z with e^-'^ = ^ . (10.6) 

VyE 



The Hodge dual of a p-form is defined as in (8.17) but using es- It then follows that *(*Ce) — 
(^_y{.d-p) additional minus sign with respect to the Minkowski relation) and, as in the 

Minkowskian, eq. (8.18), we have 



i^-'' ^ ^"z . (10.7) 



1 

We are now ready to give the Euclidean continuation of some general Minkowski action 



^M = ^ ^'^^9{-^,e'---'^U..,, + j^^^^^^^ (-le^^^A^C^^^+ZJC^'^)) . (10.8) 

Using eqs. (10.1) to (10.7), the corresponding Euclidean action is 

= ^'^V9^ - ^ I - J^^ (f C'i' A ^eg'^ - i (5 C^) . (10.9) 

Note that only the so-called topological terms in the action, i.e. those terms that involve the e-tensor, 
acquire an explicit factor —i in the Euclidean continuation. Actually, the non-topological terms (those 
with coefficient a) get two factors of — i, one from S'e = —iSu and one from dz^ = dx^ = —idx^, 
resulting in a minus sign. On the other hand, the topological terms only get one factor of —i from 
jSe = — lacking the second factor since (10.5) does not involve any i. 

Recall that the anomaly is the variation of the effective action and it always involves the e-tensor, 
i.e. it is a topological term. The previous argument shows that its Euclidean continuation must be 
purely imaginary. This then shows that the anomalous part of the Euclidean effective action must 
reside in its imaginary part. This is in perfect agreement with a general argument we will give below 
that only the imaginary part of the Euclidean effective action can be anomalous. 

According to these remarks, and as we will indeed confirm below, the anomalies of the Euclidean 
effective action are of the form 

STe ^-i I ilr , (10.10) 

where I^^ is a real d — 2r-form. It corresponds to a variation of the Minkowskian effective action 
given by 

5Vm = / iln (10.11) 
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where now is rewritten in Minkowski coordinates according to (10.4). 

There is one more subtlety that needs to be settled when discussing the relation between the 
Minkowski and the Euclidean form of the anomaly: we have to know how the chirality matrix 7 (the 
analogue of 75) is continued from the Euclidean to the Minkowskian and vice versa. The continuation 
of the 7-matrices is dictated by the continuation of the coordinates we have adopted (cf (10.2)): 

^7m = 7e, 7m = 7e, ■■■ lu-'-lE- (10.12) 
In accordance with ref. [2] we define the Euclidean chirality matrix 7e in 2r dimensions as 

7E = r7E---7E ■ (10.13) 

For the sign convention of the Minkowskian chirality matrix there are several different conventions in 
the literature. Here we choose 

7m = ^'-+SSi---7m"' • (10.14) 

Then both 7m and 7e are hermitian. In particular, for r — 2, i.e. d — 4 we recover our definition 
(2.20) of 75. Taking into account (10.12) we have 

7m = 7e , (10.15) 

i.e. what we call positive (negative) chirality in Minkowski space is also called positive (negative) 
chirality in Euclidean space.^° In particular, in 4 dimensions (r = 2) we have 

7E = -7^7^717^ ^ tr^7E7^7U7E =-4er™- (10.16) 

We can now give the anomalous variation of the Euclidean effective action for a positive chirality 
fermion in four dimensions, as obtained from our result (8.28) of the one-loop computation, the 
consistency condition (cf. (9.30)) and eqs. (10.10), (10.11). We get 

^^^^^+2^^ / ^^^^(^^^+^^') / ^4(^,A,F) . (10.17) 

Note that this is purely imaginary. 

Finally let us make a remark on our convention (10.2) which is different from what is mostly done 
in the literature. In four dimensions, ref. [1] e.g. continues as ix^ — and X'^ — -^E) j — 1)2,3. 
Since the definition e^^^ = +1 is always adopted, it follows that the Minkowskian continuation of 
a topological term like / d^XE t-^^"^ Fjl^F^ then differs by a sign from our convention. On the other 
hand, the same sign difference also appears in the continuations of the chirality matrices, so that any 
statement relating a chiral anomaly to a characteristic class is independent of theses conventions. 

4'^The sign convention for 7m in (10.14) is opposite from the one in ref. [2], but has the advantage of leading to 
7m = 7e rather than 7m = — 7e- Since we will take [2] as the standard reference for computing anomalies in the 
Euclidean, we certainly want to use the same convention for 7^. On the other hand, we have somewhat more freedom 
to choose a sign convention for 7m. Note that for d—lQ the definition (10.15) yields 7m = —7m • • • 7m which is opposite 
from the one used in [13]. It is also such that it agrees with the definition used in [14] for £) = 4 and 8, but is opposite 
for £) = 2, 6 and 10. 
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10.2 Defining the phase of the determinant of ^ + 

We are again interested in doing the functional integral over the chiral fermions. To be definite, we 
take a positive chirality fermion 

7^ = , (10.18) 

where 7 = 7e. In Euclidean space, ip no longer is related to the hermitian conjugate of ijj but is an 
independent (negative chirality) spinor. We take its normalization such that the Euclidean action for 
the fermions reads 

-^matter = J ^'z^ V^Z^+V' , (10.19) 

where 

^+ ^ ^ = y (9, - iA,) = 7^'(9, + A,) . (10.20) 

We will call 7i± the Hilbert spaces of positive, resp. negative chirality spinors. Clearly, ^_|_ maps 
positive chirality spinors to negative chirality ones, i.e. 7i+ to 7i-. 
The Euclidean effective action then is 



e-r[A] = Q-w[A] 



= J VipVtjj exp(^- j d'^z^ ijj i]p+ip^ . (10.21) 



As already discussed in section 5.2.2, this functional integral is ill-defined. Indeed, it would be 
Det(i^+), but determinants are only well-defined for operators M for which lm(M) C Dcf(M), 



while Def(i^+) = n+ and lm(i^+) = H-. One may consider {iJp+Y = i^jp = ijp^ = iJP- 
and compute instead the well-defined determinant Det (iJp^iJp^) = Det {{iIp^)Hip^ which formally 
would equal |Det {ilp^)\^. We may indeed use this as a definition for the absolute value of (10.21), i.e. 
the real part of r[A]. This shows that we may unambiguously define the real part of the Euclidean 
effective action. 

Alternatively, just as in section 5.2.2, we may artificially add negative chirality fermions that do 
not couple to the gauge fields and define 

5 = ^+ + ^_ = 7^(9, + A,)^ + 7^9,^ = l'{d, + A,A±I) , (10.22) 



so that 



r[A] ^ „-w[A] 



e ' ' = e 



Det {W) , (10.23) 



up to an irrelevant multiplicative constant. Obviously, this Dirac operator D which acts on Ti. — 
7i+ © 7i_ is not gauge invariant, but does have a well defined (non gauge invariant) determinant. 
With respect to the decomposition of Ti into ?i+ and the Dirac operator D has the "off block- 
diagonal" form ^ 

m\W) = i^^f- ) . (10.24) 
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so that, upon taking the determinant, we get 

|Det = Det (i^+i^J Det {ilp-ilp+) = const x Det ^^+^ 

= const X Det (z^+ + iip_) = const x Det (il/)) (10.25) 
Now, (as long as the gauge field is such that there is no zero-mode) Det (iJp) is real and positive and 

we conclude |Det(iL>)| = ^Det (i^)^ , up to an irrelevant real, positive multiplicative constant. 
Thus 

e-r[A] ^ Det (id) = (Det (i^)) ' 'e**l^l . (10.26) 

/ \ 1/2 

Clearly, (Det (i^) ) is gauge invariant, and we see again that all non-gauge invariance is contained 
in the phase $[A], i.e. in the imaginary part of the Euclidean effective action. As we have seen in eq. 
(10.9) the imaginary part of this effective action are the topological terms involving the e-'i '^2''-tensor. 
Thus: 



The real part of the Euclidean effective action always is gauge invariant. 
Only the imaginary part can be anomalous. 

The imaginary part corresponds precisely to the topological terms ~ ^n--j2r 



Suppose that the Euclidean space Ai is S*^*" or at least has the topology of S'^'^. (This includes 
in particular the case of R^*" with gauge fields such that the gauge field strengths vanish sufficiently 
fast at infinity, as is the case e.g. for instanton configurations.) We fix some "reference" gauge field 
A(x), X E Ai and introduce a parameter 9 G [0, 27i]. Let g{6, x) E G he some a family of gauge group 
elements such that g{0, x) = g{2iT, x) = 1. We may then view g as being defined on [0, 27r] x S*^** with 
all points (0, x) identified, and similarly all points (27r, x) identified. Thus wc arc not dealing with 
[0, 27r] X S'^'' but with 5^''+^. We now define a gauge field as the gauge transformed of A(x) by the 
element g{9, x): 

A\x) = A{e,x) = g{e,x)-\d + A{x))g{e,x) , 
or A\x)=A(e,x) = g{e,x)-\id + A(x))g{e,x), d^dx^dj. (10.27) 

It is important to note that d does not include a piece dOdg and that A^, resp. still is a 2r- 
dimensional gauge field. The corresponding Dirac operator D{A^) also still is a Dirac operator on 
M. — S'^'^ and not on 5"^^+^. We have (still assuming that iIp{A) has no zero modes) 

Det {iD{A')) = (Det (z^(A^))) '^'e^^I^'l = (Det (z^(A))) '^'e^^I^'l , (10.28) 

where the second identity holds since Det (i^(A)) is gauge invariant. We will write $[A^(x)] = 
^[A{x), 9\. Note that the boundary conditions on g{9, x) imply A(27r, x) — A(0, x) — A{x), so that 

$[A, 27r] = $[A, 0] + 27rm , m G Z , (10.29) 
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or 

d^A,9] 







— '-^ = 27rm . (10.30) 



Clearly, if the phase $[A] is gauge invariant, then $[A(,t), 9] cannot depend on 9 and we have m — 0. 
On the other hand, if m 7^ there is no way $[A] can be gauge invariant and we have an anomaly. 
One can very explicitly relate the anomaly to the integer m as follows: 

We need to compute 

= {djv + [A>])" = {D'^vy , where v = v%x) = v{9,x) = g-\9,x)-g{9,x) , (10.32) 

so that 



. a$[A, 9] 
'~d9~ 



-/d^'.V^ - jS^.Vr. m (^I^)^ . (10.33) 



The right hand side of course equals minus the anomaly under a gauge transformation 5fK^ — D^v^ 
or, equivalently, SA^ — D^e^ with = iv^. Finally, we get 



± f\,0^ ^ J_ r D?^^ . (10.34) 



10.3 Relation with the index of a Dirac operator in 2r + 2 dimensions 

The anomaly with gauge transformation parameter v and normalized as in (10.34) equals the integer 
m. We will now outline how, following [2], this integer m can be related to the index of an appropriate 
Dirac operator in 2r + 2 dimensions. 

First remark that g{9, x) is a map from 5'^''"^^ into G, and such maps are characterized by their 
homotopy class in n2r+i(G). (For most simple compact groups G we have 112^+1 (G) = Z, while 
for product groups one has n2r+i(Gi x ... x Gk) — 112^+1(^1) x ... x Il2r+i{Gk)-) Consider two 
maps gi{9,x) and g2{9,x) that can be continuously deformed into each other, i.e. that correspond 
to the same homotopy class in n2r+i(G). Then one can also continuously deform the corresponding 
Vi{9,x), Al{x) and ^2(6',^), A2{x) into each other. It follows that one can continuously deform 
$i[74, 9] into $2[^, 9] and that both configurations must correspond to the same integer m. Thus the 
integer m characterizes the homotopy class of g in n2r+i(G). 

On the other hand, m is some sort of winding number around the circle parametrized by 9. 
To compute this winding number, one extends the A^ to a two-parameter family A^'^ of gauge fields, 
where now p G [0, 1] and {p,9) parametrize a disc, with A^'^(x)|p=i = A^ living on the boundary of 
the disk. Equation (10.34) can then be interpreted as computing the winding number around the disc. 
One can then show [2] that 
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• The winding number m around the boundary of the disk equals the sum of local winding numbers 
around the points in the interior of the disc where Det (iD{AP'^)^ vanishes. (Recall that on the 
boundary of the disc where A^'^ — A^ is a, gauge transformed of A, iID{AP'^) has no zero-modes.) 

• The zeros of Det (iD(A^'^)) are in one-to-one correspondence with the zero-modes of a (2r + 2)- 
dimensional Dirac operator iJp2r+2 such that the winding numbers ±1 equal the ±1 chirality of 
the zero-modes. 

Thus one concludes^^ 

^ C "^^^^^ = m^ind {ilp2r+2) , (10.35) 

or 

i.d(,^.«) ^ m (C?^)^ . (10.36) 

To compute this index we need to know what is the relevant Dirac operator Ip2r+2 and (2r -|- 2)- 
dimensional manifold. 

The manifold is S'^ x S"^"" with -S^ = -S^ U S'i, as shown in Fig. 8 in sect. 8.2. We identify 8% 
with the disc with coordinates (p, 9) , and 5"^ with some other disc with coordinates (cr, 9) . Thus the 
(2r -I- 2)-dimensional manifold is constructed from the two "patches" -S"^ x S'^'^ and 5"^ x S"^^ , and 
the (2r -|- 2) -dimensional gauge field A(x, p, 9) must be specified on both patches, with a transition 
function that is a gauge transformation. We take it to be 

k{x,p,9)^k+{x,p,e) = f{p)g-\x,9){k{x)+d + d9de)g{x,9) , onSl^S^'\ 
A{x,a,9) =A_{x,a,9) = A{x) , on x S^' . (10.37) 

The C°° function /(p) is chosen such that (i) f{p) ~ p for small p, i.e. close to the center of the disc, so 
that /(p) d^ is well-defined even at p = 0, and (ii) /(p) = 1 for p close to 1, i.e. on some annulus which 
is the fattened boundary of the disk. This latter condition ensures that on the overlap between 5"^ x S"^^ 
and S'^ X 5'^'', which is an annulus times 5'^'', we have A+(x, p, 9) — g'^ix, 9) {l\{x)-\-(i-\-di9dQ)g{x, 9) — 
g~^{x,9){l\{x) -I- d -I- d9de -\- dpdp)g{x,9) which is indeed the gauge transformed (in the (2r -|- 2)- 
dimensional sense) of A(x) = A_(x, p, 9). In particular, on the overlap we have F+ = 9^^^- 9, where 
F+ = (d + d9d0 + dpdp)A+ + A^ on all Si x and F_ = (d + d9d0 + dp9p)A_ + A^ = dA + A^ on 
all Si X S^"-. 

In eq. (3.46) we have computed the index of the Dirac operator ind = 2r-dimensional flat Euclidean 
space. Here we need the index of the Dirac operator constructed with the above gauge fields on the 
(2r + 2)-dimensional manifold x S*^*'. Wc know from the standard Atiyah-Singcr index theorem 
that it is still given by the same expression (3.46) or (3.47), except for the replacement 2r — > 2r -|- 2, 

^""^ Recall that the index of a Dirac operator ]p is defined as the number of positive chirality zero-modes minus the 
number of negative chirality zero-modes. Similarly, for the Weyl operator p _^ = p {1 + 'y) /2 the index is defined as the 
number of zero-modes of ^ , minus the number of zero- modes of {p,)^. 
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namely' 

Of course, the precise prefactor (— results from our normalization of the antihermitean Lie algebra 
generators and the definition of the Euclidean chirality matrix 7e. The field strentgh F is meant to 
be F+ or F_ as constructed above. 

Note that on a general curved manifold M. there is also an extra factor A{M.), which will play an 
important role in section 11 when studying gravitational anomalies. Here, however, A[S'^ x 5'^'') = 1. 
Thus the index is given by a characteristic class as studied in sect. 8.3. Let us then use the descent 
equations on this (2r + 2)-dimensional manifold. As emphasized in sect. 8.3, the descent equations 
hold locally on each patch x S'^^ and S'i x S'^''. Thus 

ind(z^2.+2(A)) = r^lSU^-Wil f dg2.+i(A+,F+)+ / dg2.+i(A_,F_ 

- Jm^V+i / ^32.+i(A+,F+) , (10.39) 
(r + l)!(27r)'-+i Js^xS^r 

since the contribution from the boundary of 5*^ x S"^^ vanishes. Indeed, since A_(x,(T, ^) = A{x) the 
Chern-Simons form (52r+i(A-, F_) cannot have a d^^-piece and, hence, Jgi^c^2r Q2r+i(A-, F) = 0. Note 
also that the orientation of 5"^ and its boundary are such that J^a d(. . .) = + J^i(. . .). On the 
other hand, on 5"^ x S'^^ we have 

A+(x,p,e) ^ g-\x,e){A(x) +d + dede)g(x,e) ^ A''(x) +dev\x) , (10.40) 

with A^ and v^{x) = v{x,9) defined in (10.27) and (10.32). Since A+ is the gauge transformed of A 
(in a (2r + l)-dimensional sense) we also have F_)_ = g~^{x, 6)(dA + A^)g{x, 6) = dA^ + A^A^ = F^. It 
follows that 

/ Q2.+l(A+, F+) = / [g2r+l(A' + d9v', f') - Q2r■+l(A^ F^)l , (10.41) 

Js^xS'^'- Js^xS'^^ L 

where we added a second term that docs not contribute to the integral since it does not have any 
d6'-piece. We can now use (8.73) to rewrite the integrand as Ql^{de v'^ , A^ ,f^) = dO Ql^iv'^ , A^ ,f^). 
Inserting this in (10.39) yields for the index 

M (iP..«(A)) = (^^^g^ I dO /^^ QUv',A\ F») . (10.42) 

Comparing equations (10.36) and (10.42) for the index yields 

d^'.V^ (^."^)^ - vHkyL «^("".A'.F») . (10.43, 



f de f 



42. 

/ tr = 2^ / tr F,,^, . . . F^,,^,^,,^,e'^-'^-+^ 



To compare with (3.47) which contains a factor f^^Jjr+i rather than f^2Try+^ ' ~ ^Ffj,i,dx^dx" , and 
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Now the ^-dependence of v^{x) = v{9, x) is fairly arbitrary and we must have equality of the expressions 
even without integrating over 9. Then fixing some value of 9 and calling the corresponding values 
of v^, and simply v, A and F we finally get the (Euclidean) anomaly as the variation of the 
Euclidean effective action: 

*„r,[Al = -/^/-^v^ (^j^fl)^ = -Ji^^ lQl(v,A,f) . (10.44) 

We have added a subscript "E" to emphasize that we have been dealing with the Euclidean effective 
action throughout this section. For r = 2, i.e. four dimensions, the r.h.s. is simply +24~2 / Q\{v, A, F), 
in perfect agreement with the result (10.17) which was derived from our explicit one-loop computation! 

We may rewrite the result (10.44) also in terms of the BRST variation of the Euclidean effective 
action by replacing the gauge parameter v by the ghost field: 

.rE[A] ^^e[^,A] = -^1^1— f Ql{w,A,f) . (10.45) 

(r + l)!(27r)'^ Js2r 

Thus we have rederived (the Euchdean version of) eq. (9.38) providing an exphcit value for the 
coefficient c. However, before comparing with our previous results for the constant c in four dimensions 
we have to continue back to Minkowski space. 

We have argued above that the anomalous part of the Euclidean action should be purely imaginary. 
Let us check that this is indeed so. Wc have Ql^{v,A,F) = Ql^{—ie,—iA,—iF) 
= {-iy+^Ql^ie, A, F) with real Ql^{e,A,F) (cf. (8.72)). Thus we can write eq. (10.44) as 

S,r4A] = - £^ d-.vS {d/^)^ = j^^^ Ql(e, A, F) . (10.46) 
or using SF^ — —i j llri ®<1- (10.10) 

^^'-= (r + l)W ^^-^^'^'^^- 
Continuing to Minkowski signature as in (10.11) we get 

We can again check this against our one-loop computation for r — 2, e.g. in the form (8.28), and 
find perfect agreement. Let us emphasize that all this is for a positive chirality Dirac spinor, positive 
chirality being defined by our conventions for the chirality matrices. Also, in 2r = 2 mod 8 dimensions 
a chiral spinor can also obey a Majorana (reality) condition. Since two chiral Majorana spinors are 
equivalent to one chiral Dirac spinor, to get the anomaly for a single positive chirality Majorana spinor 
one must include an additional factor | in (10.48). 
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10.4 Gauge anomalies in 2r dimensions 



Let us summarize the results obtained so far for the anomalous variation of the effective action under 
non-abelian gauge transformations. We use the antihermitean fields A, F and gauge transformation 
parameters v, related to the hermitean ones by A = —iA, F = —iF, v = —ie, so that F = dA + A^ and 
6A = dv + [A, f], cf. eq. (8.25). The characteristic classes are P„i = trF™ and the Q2m-i(A, F) 
and Q2m-2('^? A) F) are defined by the descent equations P„i = d(52m-i and SQ2m-i = ^Qhm-ii 
cf. eq. (8.74). Finally, positive or negative chirality is defined with respect to the Euclidean or 
Minkowskian chirality matrices 7e or 7m defined in (10.13) and (10.14). Then 



where given by the descent equations 



and /2r+2 is the characteristic class Pr+i including the appropriate prefactor, cf eq. (10.45): 



\r+l 



\r+l 



'2r+2 



tr F 



r+l 



(r + l)!(27r)'-^''+' (r + l)!(27r)' 
Note that this is 27r times the "index density", i.e. J /2r+2 is 27r times the index: 




It is convenient to rewrite this in terms of the Chern character 



3h(F)= trexp(^F) 



k=Q 



trF'^ , 



which is a formal sum of forms of even degree, as 




;i0.49) 



(10.50) 



(10.51) 



;i0.52) 



;i0.53) 



;i0.54) 



where the notation [. . .]2r+2 instructs us to pick only the form of degree 2r + 2. 
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11 Gravitational and mixed gauge- gravitational anomalies 

In this section, we will extend the formalism to be able to discuss also gravitational anomalies that 
may arise in generally covariant theories. These are anomalies of the diffeomorphism symmetry or, 
alternatively, of the local Lorentz symmetry. A classical reference on gravitational anomalies is [3] . 

11.1 Some basic formalism for describing gravity 

If the space-time has a non-trivial geometry described by a metric g^^, we introduce local orthonormal 
frames ( "vielbeine" ) such that 

g^v ^ elelr]ab , (11-1) 

where r]ab is the flat Minkiowski-space metric diag( — h . . . -I-) or in Euclidean signature simply Sab- 
One can then consider diffeomorphisms and local Lorentz transformations separately. Accordingly 
one has coordinate tensors S'*'^^, g,xv, etc and frame tensors E"^^, rfab, etc. They are related by (11.1) 
and 

E«^, = e«e^£;,^E''; where = <El ^ 5^ . (11.2) 

• One defines the covariant derivative D = d -|- [a;, ] for frame tensors as 

(DE)'^^ = dE'^^, + uj'^, + i:-', - {-Y H'^^uj^ , (11.3) 

where p is the form degree of E"^. Here cj'^^ = (c<;^)% dx^ is a connection 1-form analogous to 
{A"ta)\- As a matrix, u; is an element of the Lie algebra of SO{d — 1, 1), resp. SO{d). 

• The covariant derivative V = d -|- [F, ] for coordinate tensors is defined as 

(VE)^; = dE'^; + r^.E'^; + r^.E''"^ - (-)^E'*';r'^^ , (ii.4) 

where V = da;'' V„ and T'^, = da;'' T^'^. 

• The compatibility of the two definitions of covariant derivative, i.e. (DE)"**^ = e^e^E'^ (VE)'''^^ 
is guaranteed by requiring the covariant derivative of to vanish: 

de;: + ^ - e^"/. = . (11.5) 

This also implies Vg^i, — 0. 

• The curvature 2-form is equivalently defined as 

R\ ^ duj% + uj\uj% or R^du + u'^ (11.6) 

or as 

R^^^dr^^ + r'^^r'^, with R^^^E^elR\. (11.7) 
Note that, just as a;, the curvature 2-form also is an SO{d — 1, 1)-, resp. 5'0(d)-matrix. 
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• A local Lorentz transformations acts as — (L ^)%e|^ or, using matrix notation, 

e^L-^e , uj ^ L~\u; + d)L , R^L'^RL, (11.8) 
or for infinitesimal local Lorentz transformations L\ = + v"^ we have 

S^el^-v^.el , 5^u;\^dv^, + u;\v<^,-v^,u;\ , 5^ R\ ^ R\v^, - v^,R\ , (11.9) 
or again in matrix notation 

5^e = -ve , S^u ^dv + [u, v]^Dv , 5^R = [R, v] . (11.10) 

All this is completely analogous to the gauge theory case where we had 5^A — dv + [A, v] — Dv 

and S^f = [F, v]. Also we had A = A'^{—ita)dx'^ with anti-hermitian {—ita) while here we have 
Oi) — ujfj^dx'^ — oj'^'^^T(^cd)dx^ with (T(cd))"^ = ^{S^Sdb — S'^^cb) a real and antisymmetric, hence also 
anti-hermitian matrix. ^'^ The T(c(i) are the generators of the defining (fundamental) representation of 
SO{d), resp. SO{d- 1,1). 

We can then transpose almost all formula about characteristic classes and descent equations from 
gauge theory to the case of local Lorentz symmetry by the replacements 

A^u , f^R , v^v. (11-11) 

In particular one has (the superscript L stands for "local Lorentz") 

pL=tri?- , P^^dQ2m-iioo,R) , 5^Q2m-i^dQl^_,{v,u;,R) , (11.12) 

with in particular Q3(a;, i?) = tr (a;da;-|- |a;^) and Q 2(^1 ^) = tivdu. An important property of the 
generators T(^cd) is their antisymmetry which implies that the trace of an odd power vanishes, hence 

P^Vi^ tri^^'^+i^O. (11.13) 
11.2 Purely gravitational anomalies of chiral spin | fields 

Despite all the similarities between gauge transformations and local Lorentz transformations, a chiral 
fermion coupled to gravity in a non-trivial geometry is not just the same thing as a fcrmion coupled 
to an SO{d) gauge field on a flat background. On the one hand, the fermions do not transform in 
the fundamental representation of SO{d) or in any of its tensor products, but in a spin representation 
with generators ^ ib'^^T'^] = ll'''^ so that the relevant Dirac operator is 

iP^iY(d, + A';,i-it^) + ^uj;fY') . (11.14) 

On the other hand, one must appropriately take into account the curved geometry, which manifests 
itself in = £^^7", where the 7" are the (ordinary) flat space 7-matrices. 

^^Strictly speaking, T(cd) is antisymmetric only in the Euclidean. In Minkowski signature, one must replace 6"'^ by 
rj'^'^ etc, which introduces some extra minus signs. 
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In the absence of a gauge field the index of this Dirac operator on a curved manifold A4 of 
dimension d — 2m is given by the so-called Dirac genus A{M) 



2m 



(11.15) 



where 



2m 



indicates to pick only the form of degree 2m, and 



A{M) = 1 + 



1 1 

(47r)2 12 



tr R-" + 



1 



(47r) 



5670 



tri?'' + 



(47r)4 
1 



4320 



360 288 



tri^nr + 



tr 



2\2 



trRy 



10368 



+ 



(11.16) 



Here the traces are to be taken in the fundamental representation of SO{d), resp. SO{d — 1, 1). 
Exphcitly, one has R\ = ^R^^^dx^'dx" and e.g. ti R^ = R\R\ = lR\^^R\p^dx^'dx''dxPdx'' , etc. 
Note again that A(M) only involves forms of degrees that are multiples of 4. 

The purely gravitational anomalies in d = 2r dimensions are again related via descent equations to 
the index of the Dirac operator extended to 2r-|-2 dimensions by a construction similar to the one given 
above for gauge theories. We will not go into details here but only mention that this construction does 
"not add any additional curvature contribution" and the descent is done with [A(Al2r-)]2r-+2 ■ This is 
only non-vanishing if 2r -|- 2 is a multiple of 4, i.e. 2r -|- 2 = 4(/c -|- 1) or d = 2r = 4/c -|- 2 Hence it 
is only for these dimensions that one can have purely gravitational anomalies, i.e. in d — 2, 6, 10, . . . 
dimensions. In particular, in 4 dimensions there are no purely gravitational anomalies. 



Purely gravitational anomalies only exist in d — 2r — 4k + 2 dimensions. 



(11.17) 



So let the dimension be given by (11.17). The purely gravitational anomaly for a positive chirality 
spin- 1 fermion then is given by 



n 



r 



M 



;grav) 



'2r(gi'av) ^ A[v,uj] 

where /2r(g^^v) is given by the descent equations 

hr+2 (grav) = d /s^+i (grav) , 5^ /a^+i (grav) = d (grav) 

and 



/2r+2(grav) = 2n A{M2r) 



2r+2 



(11.18) 



;ii.i9) 



;ii.2o) 



Note that this is again of the form (10.52), i.e. 27r times the relevant index density. We insisted that 
this anomaly was for a chiral spin-| fermion since there are other fields that can have gravitational 
anomahes, although they do not couple to the gauge field. They will be considered in a later subsection. 

Let us look at the example of 2 dimensions. Purely gravitational anomalies in 2 dimensions play 
an important role in string theory in relation with the conformal anomaly on the world sheet. If we 
let r = 1, i.e. k — in the above equations, we get 



/4(grav) 



1 



967r 



tiR' 



1 2 

Is (grav) = — tr {uduj + -cu' ) 



n 



1 



2 Igravj 



967r 



trvdu . (11.21) 
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We conclude that the anomalous variation under a local Lorentz transformation with parameter v of 
the Minkowskian effective action for a positive chirality spin | fermion in two dimensions is 



M 



967r 



tr?;da; 



(11.22) 



Just as in section 4 one can relate this anomaly to the non-conservation of the corresponding current 
which is the energy-momentum tensor. The latter actually is the current that corresponds to diffeo- 
morphisms rather than local Lorentz transformations. However, one can show that anomalies with 
respect to local Lorentz transformations are equivalent to anomalies with respect to diffeomorphisms, 
and (11.22) indeed corresponds to 

d,{Tnlj^O, (11.23) 

or more explicitly in 2 dimensions 

d 



(r''^(x)r'"^(y))|_„^o. 



;ii.24) 



(Of course, this last result being for a; = even holds on flat two-dimensional Minkowski space.) The 
precise form of the right hand side can be obtained from (11.22) along the same hues as in section 4. 
On the other hand it is not difficult to compute the two-point function of the energy-momentum tensor 
for a two-dimensional chiral fermion explicitly and check the result. (This computation, together with 
an instructive discussion, can be found in [3].) 

11.3 Mixed gauge-gravitational anomalies 
11.3.1 Arbitrciry (even) dimensions 

In the presence of both gauge fields and gravity, the index of the Dirac operator (11.14) is simply 
given by (cf. eqs.(10.38), (10.53) and (11.15)) 



md{i]p{A,u;)2r+2) = (-)'■+' / A{M) ch(F 



2r+2 



A{M) ch(-F) 



2r+2 



(11.25) 



We noted above that the minus sign appearing here for even r is required by our precise conventions 
(definition of the chirality matrices, generators of the Lie algebra, etc.) and is confirmed by the explicit 
triangle computation for r = 2. 

In complete analogy with the above, the full gauge, gravitational and mixed gauge-gravitational 
anomalies for a positive chirality spin-| fermion in a representation TZ of the gauge group then are 
again given by descent with respect to the index density: 



(^gauge + ^L) Te = -i / 4(gauge, grav) 



A[v, A, V, cj] = (5^-8'^ + ^L) Lm = / 4(gauge, grav) , 



(11.26) 
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where (gauge, grav) is given by the descent equations 



/2r+2 (gauge, grav) 


= d/2r-+i (gauge, grav) , 




= d /2V (gauge, grav) , 



(11.27) 



and 



/2r+2 (gauge, grav) = 27r A{M) ch(-F) 



J2r+2 



(11.28) 



where ch(— F) = tr-ji exp(— ^F), and A was given in (11.16). 
11.3.2 The example of 4 dimensions 

Although there are no purely gravitational anomalies in four dimensions, there are mixed gauge- 
gravitational anomalies since 



2n 



A{M) ch(-F) 



= 27r 



1 + 



(47r)2 12 



tr 



i*'^^"2(2^^" 



jtrn F^ + 



6(27r)' 



rtrT^ F^ 



tiT^F^ - 



trT^F trR^ 



;il.29) 



247r2 1927r2 

The first term just reproduces the anomaly polynomial for pure gauge anomalies as extensively dis- 
cussed in sect. 9.4, see e.g. eq. (9.40). The second term represents the mixed gauge-gravitational 
anomaly. Since for any simple Lie algebra tr-ji F = 0, only the U{1) parts can contribute, in which 
case 

tr^^ F = tr^^ F{-it) = ^ qI"^ F^'^ , (11-30) 

where the superscript s labels different U{1) factors (if present) and i runs over the different (positive 
chirality) "individual fields'"'^ that are contained in the representation TZ. Hence the mixed part of 
(11.29) is 



/6(mixed) = 2n A{M) ch(-F) 



mixed 



1927r2 



(^gf^F(^)) trR^ . (11.31) 



Next, we apply the descent equations to obtain the form of the anomaly. As already noted in 
sect. 8, there is no unique way to do the descent, and in sect. 9 we interpreted this ambiguity 
as the possibility to change the form of the anomaly by adding a local countertcrm to the effective 
action (without being able to remove a relevant anomaly altogether). The mixed gauge- gravitational 
anomaly in 4 dimensions provides a nice example where different ways to do the descent will either 



"^^As discussed in sect. 7, negative chirality particles are treated as positive chirality anti-particles so that the relevant 
minus sign appears through the opposite U{1) charges q^^\ 
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lead to an effective action that is not gauge invariant or to one that is not local Lorentz invariant. 
Below, we will exhibit a local counterterm that allows to interpolate between both possibilities. A 
first possibility to do the descent is 



ie (mixed) = d 



i,s / 



;ii.32) 



Of course, 6 is meant to be ^saugc _|_ ^l^ ^^le expression is invariant under local Lorentz transfor- 
mations, only ^sauge effective. One may call this the descent in the gauge sector. Alternatively, one 
may write 



Iq (mixei 



d) = d[-^(j;,l^)F(^))tr(a;da; 



^(-T9^(E«."'^"0"H-+r')) = d(-Yg^(E*'"^'")''^ . (11.33) 

\ i,s / \ i,s / 

This time in 5 = ^s^^s^ + S^, only is effective, and we may call this the gravitational descent. We 
conclude that there are (at least) two ways to define the effective action such that either 



or 



;ii.34) 



;ii.35) 



Clearly, is invariant under local Lorentz transformations, but is not gauge invariant, and is 
gauge invariant but not invariant under local Lorentz transformations. We can interpolate between 
both by adding to the effective action a local counterterm 



ALm^ 



(n.36) 



Indeed, we have 



^ALm = - 



1 



1967r2 
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^?f)de(^)) tr (a;da;+ + (j]??^ A^'^y trvdu 

i,s i,s 

^gf^eW) tiR' - tr?;da; 



l,S 



so that 
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(n.38) 
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More generally, we may add a counterterm AAFm for arbitrary real A resulting in an effective action 
that is neither gauge nor local Lorentz invariant. Nevertheless, the anomaly is always characterised 
by the unique /g (mixed). 

Recall that the issue of anomaly cancellation can be discussed before doing the descent, simply 
in terms of the invariant polynomial /e (mixed). The condition for le (mixed) to vanish is simply 
Ylis^i^^ ~ every C/(l)(s). This is the same condition as for the vanishing of any U{1) x G x G 
gauge anomaly, and in particular is satisfied in the standard model, as discussed in sect. 7. 

11.4 Other chiral fields with gravitational anomalies 

Finally, we give the relevant anomaly polynomials for the two other sorts of chiral fields that can give 
rise to anomalies. These are chiral spin-| fermions, like the gravitino, and self-dual or anti self-dual 
antisymmetric tensor fields in Ak + 2 dimensions. To understand why the latter give rise to anomalies 
it is enough to recall that m2r — Ak + 2 dimensions such tensor fields can be constructed from a pair 
of spin- 1 fields of the same chirality (while in Ak dimensions it would require two spinors of opposite 
chirality). By definition, a self-dual antisymmetric tensor field if^i satisfies 

1 i 

TT/il.../ir fll-.-Hr TTVl...Vr j_. TTtll...fJ.r Ul.../^r TTU\...l/r / 1 1 QQ\ 

where the subscripts M and E refer to Minkowski and Euclidean signature, respectively. For anti 
self-dual fields one would have an extra minus sign. If x ^-nd are two positive chirality spinors in 
2r — Ak-\-2 dimensions it is indeed easy to see^^ that 

H>^-^^ = ^l>^^^K..Y'■h (11.41) 

is indeed self-dual, i.e. satisfies (11.39). 

Consider first a positive chirality spin-| field. Such a field is obtained from a positive chirality 
spin- 1 field with an extra vector index by subtracting the spin-| part. The extra vector index can 
be treated in analogy with an SO{d) gauge symmetry and leads to an additional factor for the index 
density 

tr exp |^^ii?„,T'^''^ = tr exp (^^i?^ (11.42) 

since the vector representation is {T^^)f^ — 5'^5\ — 5'^5^^. Hence the index for the relevant 2m- 
dimensional operator is 



ind(iL'3) = j 



A{M2m) ( tr exp ( ^i? ) - 1 ) ch(-F) 



;il.43) 



2m 



*^It is enough to show in flat Minkowski space that this Hm satisfies H^'"^^ = ^e"^ "''^ ^'i/r...!^2r-i-f^M "^^"^ ^ 
= +Hl^"^'^^~^\ But (using r = 2fc + 1) we have 

= ..+i(_^.(-i)/2(_)^^....^2.-i^^^^^._^_^2.-i^^ +H--^'^-'^ . (11.40) 
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Note that for a gravitino the factor ch(— F) is absent since it does not couple to any gauge group. 

Next, consider a self-dual rank r antisymmetric tensor field H in 2r — Ak + 2 dimensions. Such 
antisymmetric tensors fields cannot couple to the gauge group. Since it can be constructed from 
a pair of positive chirality spinors, it turns out that the index is simply A{M2m) multiplied by 
tr exp (^li^afeT"''), where T"** = as appropriate for the spin-| representation. Note that the 
trace over the spinor representation gives a factor 2" in 2n dimensions. There is also an additional 
factor I from the chirality projector of this second spinor and another factor | from a reality constraint 
{H is real) so that 



md{iDA) 



M2„ 



2m 



[L{M)] 



2m- 



[llAA) 



M2„ 



L{M) is called the Hirzebruch polynomial, and the subscript on D/^ stands for "antisymmetric tensor". 
(Note that, while A{M2m)tT exp {^\R abl'^^) carries an overall factor 2"^, L{M2m) has a factor 2^ in 
front of each 2A;-form part. It is only for k = m that they coincide.) 
Explicitly one has 



A{M'^ 



2m 



tre^^ - 1 



(2m - 1) + 



1 2m - 25 



(47r) 



12 



tr + 



{Any 



2m + 239 . 2m -49, .,2' 



360 



(47r) 



2m - 505 . 2m + 215 . 2m - 73 

tri?^ + — — — tri?^tri?2 + 



2\3 



5670 



4320 



10368 



{trR') 



288 
+ ... 



(11.45) 



and 



L(M; 



2m 



1 - 



+ 



1 1 p2 1 



1 



{2ny 



31 



2835 



tri?^ + 



1080 



tr RHtR' - 



trR^ 
1 



2\3 



1296 



tri?^) 



(11.46) 



The corresponding anomaly polynomials then are (for positive chirality, respectively self-dual anti- 
symmetric tensors) 



'2r+2 



-'2r-+2 



2n 



2% 



A{M2r) ( tr exp ( —R 



- 1 ch(-F) 



2r+2 



2/4 



L{M- 



2r 



(11.47) 
(11.48) 



2r+2 



The last equation contains an extra factor (— |) with respect to the index (11.44). The minus sign 
takes into account the Bose rather than Fermi statistics, and the | corrects the 2^+^ to 2^ which is 
the appropriate dimension of the spinor representation on M2r while the index is computed in 2r + 2 
dimensions. Note again that in the cases of interest, the spin-| gravitino is not charged under the 
gauge group and the factor of ch(— F) then is absent in (11.47). 
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12 Anomaly cancellation in ten-dimensional type IIB super- 
gravity and in the (field theory limits of) type I and het- 
erotic superstrings 

In this last section, we will derive some prominent examples of anomalies and their cancellations 
in certain ten-dimensional quantum field theories. The conditions for anomaly cancellation in these 
ten-dimensional theories typically constitute over-determined systems of equations. Quite amazingly, 
these systems nevertheless not only admit non-trivial solutions, but these solutions also are relatively 
simple and actually correspond (in most cases) to the low-energy limits of the known ten-dimensional 
superstring theories [13, 14]. 

12.1 The ten-dimensional anomaly polynomials 

As repeatedly emphasized, relevant anomalies are characterized by a non- vanishing anomaly polyno- 
mial l2r+2 which is the sum of all individual contributions /2r-+2 (field j). So far we have given 
these individual contributions for positive chirality (resp. self-dual tensor fields). The contributions 
for negative chirality (anti self-dual tensor fields) have the opposite signs. Recall that in 4 mod 4 di- 
mensions, particles and antiparticles have opposite chirality and we could describe a negative chirality 
particle as a positive chiraUty antiparticle in the appropriate charge conjugate representation of the 
gauge group, cf. eq. (7.8). On the other hand, in 2 mod 4 dimensions, particles and antiparticles have 
the same chirality, and we must treat negative chirality (anti)particles as such. In 2 mod 8 dimensions, 
fermions can be Majorana- Weyl, being their own anti-particles. 

Specializing the previous formulae to ten dimensions, i.e. r = 5, and a gravitino which is a spin-| 
field without gauge interactions, we get from (11.45) to (11.48) 



f gravitino 
-'12 



64(27r) 



. il tr i?6 + 1 tr i?Hr - — ( tr i?2)3 
126 96 1152^ ^ 



:i2.i) 



and 



- t 

-'12 - o/o_N5 



8(27r) 



tri?6-itri?Hri?2+^(tri?2)3 



2835 



1080 



1296 



and for a spin-| field from (11.28) 



(12.2) 



jspin 1/2 
'l2 



64(27r)5 
1 



(tr^el) 
(trT^F^) 



5670 
1 
360 



tri?^ + 



4320 



2\3 



10368 



tri?^) 



32(27r)5 
1152(27r)5^ ' 



tri?^ + 



2\2 



288 



tri?^) 



1 



720(27r)' 



(12.3) 



As just mentioned, in ten dimensions one can have Majorana- Weyl spinors, i.e. chiral fields that in 
addition obey a reality condition. All our I are for complex positive chirality spinors. If the spinors 
are Majorana positive chirality one has to include an additional factor | in /*|*"^/^ in jgravitmo ^ 
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Of course, there is no extra factor of | for (we aheady included one in (11.48) to take into account 
the reality of the antisymmetric tensor field) . 

In a given theory containing various chiral or (anti) self-dual fields, one has to add all individual 
anomaly polynomials of these fields to get the total anomaly polynomial. The theory is free of 
anomalies, i.e. the anomalies cancel, if this total anomaly polynomial vanishes. 

12.2 Type IIB supergravity in ten dimensions 

Consider a ten-dimensional theory that may involve a certain number of Majorana-Weyl gravitinos 
(spin I), Majorana-Weyl spin | fields and (anti) self-dual antisymmetric tensor fields. We assume here 
that there is no gauge group, as is the case for IIB supergravity.^^ The case with gauge group is more 
complicated and will be treated in a later subsection. Let 713/2, resp. ni/2 be the number of positive 
chirality Majorana-Weyl gravitinos, resp. spin | fields, minus the number of negative chirality ones. 
Similarly let ua be the number of self-dual minus the number of anti self-dual antisymmetric tensor 
fields. Then the total anomaly polynomial for such a theory is 

f total ^ ^ \ _ ^3/2 fgravitino , ^1/2 fspinl/2 fA 
-'12 1^3/2,^/2, ^Aj - -'12 + -'12 -'12 

1 f -495713/2 + ni/2 + 992nA ^ , 225^3/2 + ni/2 - 448^^ ^ ^4 ^ r.2 

tr it + tr ri tr rt 



128(27r)5 1 5670 4320 

The vanishing of this total anomaly polynomial constitutes a homogenous linear system of 3 equations 
in 3 variables. In general such a system has only the trivial solution 11^/2 = ni/2 = = 0. Amazingly, 
however, as first observed in [3] , the 3 equations are not linearly independent and do admit non-trivial 
solutions. Moreover, these solutions are very simple, namely 

713/2 = 2nA , 7ii/2 = -2nA ■ (12-5) 

The simplest case, ua = ^ corresponds to one self-dual antisymmetric tensor field, a pair of positive 
chirality Majorana-Weyl gravitinos and a pair of negative chirality Majorana-Weyl spin-^ fields. This 
is precisely the (chiral) field content of ten-dimensional type IIB supergravity! Hence, not only is type 
IIB supergravity in ten dimensions free of gravitational anomalies, it is also the simplest chiral theory 
in ten dimensions in which gravitational anomaly cancellation occurs. 



word on terminology: in any dimension, a theory with the minimal amount of supersymmetry is referred to as 
M = 1, with twice the minimal amount of supersymmetry as AA = 2, etc. In ten dimensions, an TV = 1 supergravity 
has one Majorana-Weyl gravitino and an TV = 2 supergravity has two Majorana-Weyl gravitinos. In the latter case, if 
both gravitinos have opposite chirality, the supergravity is called IIA (it is non-chiral and trivially free of anomalies), 
while if the two gravitinos have the same chirality, the supergravity is called IIB. 
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12.3 Anomaly cancellation by inflow and Green-Schwarz mechanism 

In sect. 6.2 we have discussed that a relevant anomaly is one that cannot be removed by adding 
a local counterterm to the (effective) action. In sect. 9.2 we have seen that the freedom to add a 
local counterterm corresponds to changing the representative within the same BRST cohomology 
class. Finally in sect. 9.4 we have seen that the descent equations always associate the same invariant 
polynomial to different forms of the anomaly that differ only by addition of a local counterterm. This 
showed that a non-vanishing anomaly polynomial /2r+2 indicates a relevant anomaly, i.e. an anomaly 
that cannot be removed by a local counterterm. 

In all these considerations it was always understood that the local counterterm is constructed solely 
from the gauge fields A and F (and the gravitational connection cu and curvature R), the fermions 
having been integrated out. There is, however, the possibility that the theory contains one or more 
extra fields that do transform under gauge (or local Lorentz) transformations and that their classical 
action contains non gauge invariant terms, or that we add such terms as counterterms. 

The simplest example is a so-called axion field a in a 4 dimensional C/(l) gauge theory. The gauge 
anomaly in such a C/(l) theory simply is 

<^r[A] = -^J]g| / '^^^^^-^E^l / (for a [/(l)-theory) . (12.6) 

j j 

Suppose we add a "counterterm" 

^^t"'^]=2i^2;^^?/"^^' ^^2.7) 

and "declare" that the axion field a transforms under a gauge transformation as 

a^a + e. (12.8) 

Then obviously (5Ar[a, A] ^ ^ Qj I ^ FF and 

S{r[A] + AT[a,A]) = . (12.9) 

Does this mean that we can always eliminate the anomaly (12.6) simply this way? Of course, things 
are not this simple. To add a term like (12.7) one needs to have a good reason to introduce an 
additional field a which should, in principle, correspond to an observable particle. Also, the naive 
kinetic term for such a field, J{—df^ad'^a — M'^a^) is not invariant under the transformation (12.8), 
although its variation vanishes on-shell. 

One should note an important point. The anomaly is a one- loop effect. This manifests itself in 
(12.6) as the coefficient '^jQj which is smaller than a typical interaction term in the classical action 
(that would be ~ g) by a factor of a charge squared, or coupling constant squared. Alternatively, 
one could introduce h as a loop-counting parameter, and then an L-loop term would be accompanied 
by a factor h^^^: the anomaly has a h^, while a usual classical action gets multiplied by |. Thus an 
anomaly cancelling counterterm in the classical action must include an explicit factor of h. 
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Another mechanism to cancel a relevant anomaly is available in certain geometric settings. Suppose 
our four-dimensional space-time AI4 is just the boundary of some five-dimensional space-time A^s, 
just as the one-dimensional circle is the boundary of the two-dimensional disc. We write AI4 = dMs- 
Suppose that the (non-abelian) gauge fields actually five on the five-dimensional M.5, while the chiral 
matter fields only live on its boundary AI4. This then leads to the usual gauge anomaly with 

We may then add a counterterm that only depends on the gauge fields but is defined on the five- 
dimensional namely 

Am] = ^^ Q,{AF) , (12.11) 
where Q5{A, F) is the Chern-Simons 5- form, related to Ql by the descent equation 

SQ5 = dg^ . (12.12) 

Then we have, using Stoke's theorem, 

^^^l-^l = 2^ L, ^' = 2^5 1. ^' = 24^5 «(^- ^) = . 

(12.13) 

so that this five-dimensional countcrtcrms indeed cancels the anomaly on the four-dimensional space- 
time This mechanism is called anomaly cancellation by inflow, as the relevant variation "flows" 
from the five-dimensional bulk into the four-dimensional boundary. 

In string and M-theory there are many occurrences of even-dimensional manifolds embedded in 
a higher-dimensional "bulk" space. Typically, there are chiral fields living on the even-dimensional 
manifolds leading to gauge and/or gravitational anomalies. Complete cancellation of these anomalies 
often requires additional contributions generated by infiow from the bulk. The classical example 
of Green-Schwarz anomaly cancellation in the type I or heterotic superstrings, on the other hand, 
involves a non-trivial transformation of a rank-2 antisymmetric tensor field, somewhat similar to the 
mechanism displayed in eqs (12.7) to (12.9). Let us look at this case in more detail. 

12.4 Anomaly cancellation in the (field theory limits of) type I 50(32) 
and ^8 X ^8 heterotic superstrings 

Consider now a ten-dimensional theory that is an jV = 1 supergravity coupled to jV' = 1 super 
Yang-Mills theory with gauge group G. This is the low-energy limit of type I or heterotic superstring 
theories [13, 14]. The supergravity multiplet contains a positive chirality^^ Majorana-Weyl gravitino, 
a negative chirality spin ^ fermion, as well as the graviton, a scalar (called dilaton) and a two-index 
antisymmetric tensor field B^^y or equivalently two-form B. The super Yang-Mills multiplet contains 
the gauge fields A'^ and the gauginos x" that are positive chirality Majorana-Weyl spin | fields. 

*^0f course, the overall chirality assignment is conventional, and we could just as well reverse all chiralities. 
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Super symmetry requires that the latter are in the same representation as the gauge fields A'^, namely 
in the adjoint representation. 

An important point in the construction of this theory is that the S-field is not invariant under 
gauge (and local Lorentz) transformations. The consistent coupling of the supergravity and the super 
Yang- Mills theories requires H — dB — PQ3{A, F) to be gauge invariant, where Q3 is the gauge Chern- 
Simons 3-form. (The precise value of the constant /3 depends on the representation over which the 
trace is taken to define the Chern-Simons 3-form and the normalization of the B and H fields. We 
fix the trace to be in some reference representation - for which we simply write tr - and then rescale 
B and to set /5 = 1.) Although not visible at the tree- level, it turns out that one must also include 
a gravitational Chern-Simons form and 

H^dB- Qs{A, F) + /3 Qsioo, R) = dB - QJ^' + PQ^ , (12.14) 
with (3 to be fixed below. Thus H will be invariant if 

(5^^^^^ + 5'')B^Ql{v,A,f)- pQliv,iu,R)=Q^^'^ - PQ^'^ . (12.15) 
It is then possible to construct a non-invariant counterterm, often called the Green-Schwarz term, 

AT = [ BAXs , (5™ + d^)X8 = , (12.16) 



with some appropriate gauge and local Lorentz invariant closed 8-form constructed from the gauge 
and gravitational characteristic classes, i.e. from tr-jz F" and tr R^. As in sect. 8.3.3 we then have 

Xs = dX7 , (5s^"s^ + 5L)X7 = dXg^ (12.17) 

Of course, this does not determine X7 or Xq uniquely. If e.g. Xs — tr-jz F^ tr R"^ one could take 
X7 — \ Q™{ tr R^) + (1 — X) (tT-jz F^) for arbitrary A. In any case, we have 

(^gauge + ^L^^p ^ J ^qYU, 1 _ ^ qL, 1 ^ ^ J ^qYM, 1 _ ~p qL,1^ ^ = - j (^QJ^ - /3 ^Q^) A X, . 

(12.18) 

Upon using the descent equations, this corresponds to an invariant 12-form polynomial 

A7i2 = (trF^ tri?2) AXg . (12.19) 

We conclude that 



//the total anomaly polynomial 1^^^ does not vanish but takes a factorized form as in (12.19) one 
can cancel the anomaly by adding the counterterm AF of (12.16) with the appropriate coefficient. 



So let's see whether and when such a factorization occurs. 
Prom the chiral field content we immediately get 

ftotal fgravitino fspinl/2i . fspinl/2i /'10on^ 

-'12 — -'12 ~ -'12 \n=l + -'12 |7^=adj ) [i.Z.Z\J) 
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with given in (12.1) and /i2*"^^^|7e=i given by (12.3) with F = and tr-jzl — 1, while 

|-^=adj is given by (12.3) with TZ being the adjoint representation. It is customary to write 



spin 1 /2 I 
12 



tradj = Tr so that in particular Tr 1 = dimG. Thus we get 



ftotal 
'l2 



64(27r)5 
1 

32(27r)5 



diniG - 496 



diniG + 224 



dimG - 64 



5670 
(TrF^) 



tr + j::^ tr i?^ tr i?^ + (tr 



360*'^ +288 



4320 
(tri?^)^ 



1036J 



+ 



1152(27r)5 



(TrF^) trR" - 



720(27r) 



TrF' 



(12.21) 



Obviously, this cannot vanish, and and one has to rely on the Green-Schwarz mechanism to achieve 
anomaly cancellation. The latter requires (12.21) to have a factorizcd form like (12.19) so that it can 
be cancelled by addition of the countertem (12.16). Clearly, the tri?^ and the Tr F^ terms must be 
absent to have factorization. On the one hand, the tr R^ term is absent precisely if 



dimC = 496 . 



(12.22) 



On the other hand, the Tr F^ cannot vanish. However in certain cases it can be entirely be expressed 
as a combination of TrF"^TrF^ and (TrF^)^, so that one may get factorization if furthermore the 
coefficient have appropriate values. 

12.4.1 SO{n) groups 

Let us note without proof that for G = SO{n) one has the following relations between the adjoint 
traces Tr and the traces in the fundamental (vector) representation, denoted tr : 

TrF^ = (n-2)trF2 , Tr F^ = (n - 8) tr F^ + 3( tr F^)^ , Tr F^ = (n - 32) tr F^ + 15tr F^tr F^ . 

(12.23) 

Thus we can reexpress the Tr F^ in terms of tr F^ tr F^ and ( tr F^)^, resp. in terms of Tr F^ Tr F^ and 
(TrF^)^ precisely if 

n = 32 . (12.24) 

This singles out 5*0(32) as only possiblity among the 5'0(n)-groups. Amazingly, dim5'0(32) = 496, 
so that (12.22) is also satisfied! As for the case studied in sect. 12.2, anomaly cancellation imposes an 
overdetermined system of equations which nevertheless admits a solution. Let us now concentrate on 
G = 50(32) and use the relations (12.23). Then (12.21) becomes 



ftotal 
'l2 



+ 



64(27r)5 

1 

384(27r)5 
1 



UrRHrR' + htrRy 
6 24 



1 



8tr F* + (tr F^) 
[tri?2- trF^] 



tri?^ 



64(27r)5 
1 



(trF^) 



ItrR^+l^itrRr 



48(27r) 



trFHrF' 



trR^+-(trR^f - tr F^ tr i?^ + 8 tr F^ 
4 



384(27r)5 

which is indeed of the required factorized form. Again was by no means obvious a priori. 



;i2.25) 
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We see that it is then enough to choose P — 1 in (12.14) and (12.15), let the reference trace in 
(12.19) be the trace in the fundamental representation of SO{32) and take 



1 



384(27r)5 



to achieve 



tr i?^ + ^ ( tr i?2)2 _ tr tr i?2 + 8 tr 
4 



A/i2 + ilf""' = , 



(12.26) 
(12.27) 



i.e. cancel the anomaly by the Green-Schwarz mechanism. 
12.4.2 £^8 X Es and other groups 

We have already seen that among the SO{n) groups, anomaly cancellation can only occur and does 
indeed occur for n = 32. What about other groups ? In any case we need dimC = 496, but the group 
need not be simple, i.e. it can be a product of several simple and/or U{1) factors. For G = G1XG2X ■ ■ ■ 
one has for the traces in the adjoint representation Tr F*^ = Tr F^ + Tr F2 + . . .. A simple example 
which has the right dimension is G = x Eg, since dimE'g = 248. Also, for each Eg one has 



TrF' 



TrF 



2\2 



TrF^ 



2\3 



TrF^) 



(12.28) 



100' ' ' 7200 

Although does not have a "vector" representation, it is useful to define tr F^ simply by tr F^ = 
^TrF^ so that the previous relations become 



TrF^ = 9(tr F^f 

and for Eg x £'8 

TrF^= TrF^+ Tr F^ = 9 ( tr F^)^ + 9 ( tr F^)' 

Inserting this into (12.21) we get 
1 



TrF^ 



20^ ^ ' 



;i2.29) 



75 



TrF'^ = TrF^+ Tr F^ - ^( tr F^)^ + — ( tr F 



75 



:2\3 



20' 



20 



;i2.30) 



ftotal 
'12 



+ 



64(27r)5 
1 



^tri?nri?2 + l(tri?2)3 
6 24 



1 



trfiy + itrflYl trR' - 



2\2 



128(27r)5 

Again, this can be factorized as 

1 



64(27r)5 
1 

192(27r) 



(trF^+trF^ 



:trF?)^ + (trF^)^] 



(12.31) 



ftotal 
-'12 



384(27r)5 



tvR^- trfj- trF^ tr R^ + -{tr R^f - trR\trfl + trF^) 

-2trF?trF^ + 2(trF?)2 + 2(trF^)2l , (12.32) 



so that one achieves anomaly cancellation by choosing the Green-Schwarz term, again with /3 — 1, 
but now with an 
1 



384(27r)^ 



tr i?^ + ^( tr R^)^ - tr R\ tr F? + tr F^) - 2 tr F? tr F^ + 2( tr Flf + 2{ tr F^)^] . (12.33) 
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There are two more possibilities to achieve factorization of 7*2*^' which we now briefly discuss. 
Clearly, we must keep dimG = 496. One possibility then is to take G — E^x U{1)'^^^, the other being 
G — U{iy^^. Now, for any product of C/(l) groups, the traces are always tr-jzF^ — J^il^l*^)'^ '^i^^ 
q\^^ being the charge of the i^^ particle with respect to the s^^ U(l). Here, however, the gauginos 

(s) 

are in the adjoint representation which means that ql — 0. ("Photinos" just as photons carry no 
electric charge.) Hence Tradj of c/(i)248F'^ = 0, V/c > 0. As a result, we can use all formula previously 
established for Es x Es and simply set tr F2 = 0, V/c > 0, if the gauge group is G — Es x C/(l)^^^ 
or set trF^ = tr = 0, V/c > 0, if the gauge group is G = C/(l)^^^. In particular, Xg is still given 
by (12.33) with the appropriate replacements. One can actually scan all 496-dimensional groups and 
show that there are no other possibilities to achieve factorization of II'^^'^^. 

It turns out that for type I superstrings, the gauge group 5*0(32) is also singled out by other 
typically string-theoretic consistency conditions, while for the heterotic superstring, similar stringy 
consistency conditions single out 5*0(32) and Eg x Eg. On the other hand, the somewhat more trivial 
solutions to the anomaly cancellation conditions. Eg x [/(l)^^* and t/(l)"^^^ do not seem to correspond 
to any consistent superstring theory. 

13 Concluding remarks 

We hope to have conveyed the idea that anomalies play an important role in quantum field theory 
and their cancellation has been and still is a valuable guide for constructing coherent theories. The 
more formal treatment of anomalies makes fascinating contacts with several branches of modern 
mathematics. 
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14 Appendix : An explicit two-dimensional illustration of 
the index theorem 

In this appendix, we will explicitly compute the index of the Dirac operator on two-dimensional flat 
Euclidean space in a U{1) instanton background and show how it indeed coincides with the general 
prediction of the index theorem. 

We use cartesian coordinates x and y, or equivalently polar coordinates r = a/x^ + and (/? = 
arctan ^. A two-dimensional U{1) instanton configuration should asymptote to a pure gauge for large 
r, i.e. A ~ g^^idg with g{(p) — e^'^'^, m e Z. Thus a non-singular configuration with the appropriate 
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asymptotics is 

A = —m— dy? = — [ydx — xay) r — — 2m— ^ — = —2m- 



r'^ + l x'^ + y'^ + l (r2 + l)2 [x"^ y2 1-^2 

(A.l) 

Note that F = ^F^ dx^dx^ — F12 dxdy so that F12 — — 2m ^^2^j2^_]^)2 ■ It is straightforward to compute 
the integral of F over the plane: 

i- / F = -m. (A.2) 

Next we study the Dirac operator in this background gauge field. In two Euclidean dimensions we 
take 7^ = cr^, 7^ — —ay so that the chirality matrix is 7e = ^7^7^ = —iax(Ty = (Tzi and 

9 = o.(8.-iA^)-aM-^A,)={g^_.g^:^^^^_^^ S. + ^S,-^iA, + A,Y ^^^^ 

Using the explicit form of the gauge field = m ^2_)_^2_)_i and Ay = —m-^2^^2^, and switching to 
complex coordinates z — x + iy, z — x — iy, we simply get 

Let us assume that m > 0. A positive chirality zero-mode of ^ satisfies 

2dzX + m y = . (A. 5) 

zz + 1 ^ ^ 

The solutions of this differential equation are 

X{z,z) ^ ^^^\ , (A.6) 

with g a holomorphic function of its argument. These solutions arc square normalizable, J |xpd2;d^ < 
00, only if the holomorphic function is a polynomial of degree m — 2 at most and "marginally" square 
normalizable if (7 is a polynomial of degree m — 1. This has m independent coefficients, yielding m 
linearly independent zero-modes of positive chirality. On the other hand, a negative chirality zero- 
mode of ]p satisfies 

2d,x - m^—x = , (A.7) 
zz + 1 

with solutions 

X{zrz) = h{z){l + z-zr'\ (A.8) 

again with a holomorphic h{z). Obviously, for m > 0, none of these zero-modes is (marginally) 
nomalizable. 

It follows that the index of iip, which is the number of linearly independent, (marginally) normaliz- 
able positive chirality zero- modes minus the number of linearly independent, (marginally) normalizable 
negative chirality zero-modes is m — = m. This result was derived for m > 0. For m < 0, the roles of 
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positive and negative chirality are reversed: there are no positive chirality (marginally) normalizable 
zero-modes, while there are |m| = — m negative chirality ones, yieding again an index — |m| = m. 
Thus: 

ind(i^) -rn^-^jF^-^J e^^F,^ , (A.9) 
in agreement with eq. (3.46) for r = 1. 
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